
2021-2012
微积分II 期末试题与解析

试卷：
2021 
2020 
2019 
2018 
2017 
2016 
2015 
2014 
2013 
2012

(ง •_•)ง加油！
左侧试卷附有超链接
每一份试卷的标题同样附
带对应年份的答案链接
对应答案的标题上附带有
返回链接



�È© II£1��g¤Ï"Áò (2021.6.22)

�!O�e��K£6©×5 = 30©¤

1©¦�m­�

{
x2 + y2 + z2 = 14,

3x+ 2y + z = 10
3:P (1, 2, 3)?�{²¡����§.

2. ¦Î¡x2 + y2 = ay (a > 0) u¥¡x2 + y2 + z2 = a2SÜ©­¡�¡È.

3. O�1�a­�È© I1 =

ˆ
C
cos(x + y2)dx +

(
2y cos(x + y2) −

√
1 + y4

)
dy, Ù¥C�^Ó

�x = a(t− sin t), y = a(1− cos t), dO(0, 0)�A(2πa, 0), Ù¥ a > 0.

4. O�1�a­¡È© I2 =

¨

S

(xy + yz + zx)dS, Ù¥S��I¡x =
√
x2 + y2�Î¡x2 + y2 =

2ax (a > 0)¤�e�Ü©.

5. ?Ø2ÂÈ©

ˆ +∞

0
xp−1e−xdx�ñÑ5.

�!O�e��K£8©×5 = 40©¤

1. ?Øê�?ê
∞∑
n=1

nn−1

(2n2 + n+ 1)
n+1
2

�ñÑ5.

2. ?Øê�?ê
∞∑
n=2

sin(nπ6 )
√
n
�ñÑ5. XJÂñ§́ ýéÂñ�´^�Âñº

3. ¦ê�?ê
∞∑
n=1

(−1)n−1

n

(
1− 1

3n

)
�Ú.

4. ¦�©�§
dy

dx
=

3x2 + 2xy − y2

2xy − x2
�ÏÈ©.

5. ¦�©�§
dy

dx
=
x4 + y3

xy2
�ÏÈ©.

n!£�K10©¤O� I3 =

ˆ
C
y2dx + z2dy + x2dz, Ù¥C´²¡x + y + z = 1�1�%�Ü©�n

��I¡���§l z±�� z¶K�w�´_����.

o!£�K10©¤O� I4 =

¨

S

4xzdydz − 2yzdzdx + (1 − z2)dxdy, Ù¥S�­� z = ey(0 ≤ y ≤

a)7 z¶^=)¤�^=­¡§�eý.

Ê!£�K10©¤� f(x) =
∞∑
n=1

2(2n)!!

(2n+ 1)!!(n+ 1)
x2(n+1), x ∈ (−1, 1). ¦Ñ f(x)÷v��©�§§¿

¦)�. O�

∞∑
n=1

n!

(2n+ 1)!!(n+ 1)
.
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�È© II£1��g¤Ï"Áò (2020.8.18)

�!£8©¤� f(x, y) =


xy sin

1√
x2 + y2

, (x, y) 6= (0, 0),

0, (x, y) = (0, 0).

?Ø f(x, y)3: (0, 0)?�ëY5!

� �5!��5±9ëY��5.

�!O�e��K£7©×3 = 21©¤

1©¦L��L :

{
10x+ 2y − 2z = 27,

x+ y − z = 0
��­¡ 3x2 + y2 − z2 = 27���²¡�§.

2. ¦^=�Ô¡x2 + y2 = 2az (a > 0)��¥¡ z =
√

3a2 − x2 − y2¤�áN�L¡È.

3. O� I =

¨

D

1

x4 + y2
dxdy, Ù¥D : x ≥ 1, y ≥ x2.

n!O�e��K£7©×3 = 21©¤

1. O� I =

ˆ
C
2xdx + zdy + (x + 2y − z)dz, Ù¥C´­�

{
x2 + y2 + z2 = 1,

y = z
þl:A(1, 0, 0)

�B(0,
1√
2
,
1√
2
) � u1�%���ã­�.

2. O� I =

˛
C

y2

2
dx− xzdy + y2

2
dz, Ù¥C´­�

{
x2 + y2 + z2 = R2,

x+ y = R.
l y¶���w�´�^

����.

3. O�­¡È© I =

¨

S

(x3+az2)dydz+(y3+ax2)dzdx+(z3+ay2)dxdy,Ù¥S� z =
√
a2 − x2 − y2

�	ý.

o!O�e��K£7©×4 = 28©¤

1. �	?ê
∞∑
n=1

( 1
n
− arctan

1

n

)
�ñÑ5.

2. �O?ê

∞∑
n=1

(−1)n+1 (2n− 1)!!

(2n)!!
�ñÑ5.£J«µ

(2n− 1)!!

(2n)!!
<

1√
2n+ 1

¤

3. ¦
∞∑
n=0

(n+ 1)2xn�Ú¼ê§¿¦ê�?ê
∞∑
n=0

(−1)n(n+ 1)2
1

3n
�Ú.

4. � f(x)´±Ï� 2�±Ï¼ê, §3 [−1, 1]þ�L�ª� f(x) = x2. ò f(x)Ðm¤Fp�?ê§¿

¦?ê

∞∑
n=1

(−1)n+1

n2
�Ú.

Ê!O�e��K£7©×2 = 14©¤

1. ¦�©�§
dy

dx
= sin(1 + x+ y), y(0) = −1�A). 2. ¦�©�§

dy

dx
=

y3

2(xy2 − x2)
�Ï).

8!(8©) ¦�©�§ y′′ + 2y′ + y = xe−x�Ï).
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�È© II£1��g¤Ï"Áò (2019.6.17)

�!O�e��K(6©× 5=30©)

1©¦²¡x+ 4y − 8z = 18��Î¡x2 + y2 = 6y¤�Ü©�¡È.

2. ?Ø?ê
∞∑
n=1

n arcsin
π

5n
�ñÑ5.

3. ?Ø2ÂÈ©

∫ 1

0

x3√
1− x4

dx�ñÑ5.

4. ¦�©�§ 2xy · y′ − y2 + x = 0�).

5. ¦�©�§
dy

dx
=
x2 − y + 5

x+ y2 + 2
�ÏÈ©.

�!(10©) ¦L��L :

{
10x+ 2y − 2z = 27,

x+ y − z = 0
��­¡S : 3x2 + y2 − z2 = 27����

²¡�§.

n!(10©) �C : x = a(t− sin t), y = a(1− cos t) (t ∈ [0, 2π]) �^Ó���ÿ§��d�

:�A(2πa, 0), O� I1 =

∫
C
[(x+ y + 1)ex − ey + y]dx+ [ex − (x+ y + 1)ey − x]dy.

o!(10©) O� I2 =

∫∫
S

2x3dydz+2y3dzdx+3(z2−1)dxdy, Ù¥S�­¡ z = 1−x2−

y2 (z ≥ 0)�þý.

Ê!(10©) � an = 1 +
1

2
+

1

3
+ · · · + 1

n
, �O?ê

∞∑
n=1

an
(n+ 1)(n+ 2)

�ñÑ5¶eÂñ§

¦ÙÚ.

8!(10©) ¦�?ê

∞∑
n=1

2n− 1

2n
x2n−2�Âñ�!Ú¼ê§¿ddO�

∞∑
n=1

2n− 1

2n
�Ú.

Ô!(10©) ò¼ê f(x) = π2−x23 (−π, π)þÐm¤{u?ê§¿¦?ê
∞∑
n=1

1

n2
,

∞∑
n=1

(−1)n+1

n2
,

∞∑
n=1

1

(2n− 1)2
�Ú.

l!(10©) ®� y1 = xex + e2x, y2 = xex + e−x, y3 = xex + e2x − e−x´,���5�à
g�©�§�n�)§¦Ñd�©�§§�ÑÙÏ).
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�È© II£1��g¤Ï"Áò (2018.7.3)

�!O�e��K(6©× 5=30©)

1©�u = f(
√
x2 + y2 + z2), Ù¥ f(v)äk��ëY�ê§¦

∂2u

∂x∂y
.

2. ?Ø2ÂÈ©

∫ +∞

1

1

x n
√
1 + x

dx�ñÑ5.

3. ¦�?ê
∞∑
n=1

(x− 3)2n

n5n
�Âñ�.

4. ¦�©�§ (x− sin y)dy + tan ydx = 0÷vÐ©^� y(1) =
π

6
�A).

5. ¦�©�§
(1
y
sin

x

y
− y

x2
cos

y

x
+5
)
dx+

(
− x

y2
sin

x

y
+

1

x
cos

y

x
+

6

y3

)
dy = 0�ÏÈ©.

�!(10©) O� I1 =

∫∫
S
(x3 + az2)dydz + (y3 + ax2)dzdx+ (z3 + ay2)dxdy, Ù¥S�­

¡ z =
√
a2 − x2 − y2 (a > 0)�þý.

n!(10©) O� I2 =

∮
C
(y2− z2)dx+(z2− x2)dy+(x2− y2)dz, Ù¥C´á�N 0 ≤ x ≤

a, 0 ≤ y ≤ a, 0 ≤ z ≤ a�L¡�²¡x+ y + z =
3a

2
���§l z¶��w�´_����.

o!(10©) é~ê p, ?Øê�?ê
∞∑
n=1

(−1)n−1
√
n+ 2−

√
n

np
Û�ýéÂñ§Û�^�Âñ§

Û�uÑ.

Ê!(10©) Áò¼ê f(x) =
x2 − 4x+ 14

(x− 3)2(2x+ 5)
Ð¤ê�N�?ê§¿�ÑÙÂñ�.

8!(10©) ò¼ê f(x) =
x

4
3 [0, π]þÐm¤�u?ê§¿¦?ê 1 +

1

5
− 1

7
− 1

11
+

1

13
+

1

17
− · · · �Ú.

Ô!(10©) ¦���©�§ y′′ − y = 2x+ e2x cosx�Ï).

l!(10©) (1) (�ûÆ�Æ)�) �¼ê f(x)é½Â�S?¿ü:x, yk�ªf(x + y) =
f(x) + f(y)

1− 4f(x)f(y)
, � f ′(0) = a (a 6= 0), ¦¼ê f(x).

(2) (ûÆ�Æ)�) ®�

∫ 1

0
f(ax)da =

1

2
f(x) + 1, ¦ f(x)÷v��©�§¿¦ f(x).
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�È© II£1��g¤Ï"Áò (2017.7.4)

�!O�e��K(6©× 5=30©)

1©¦¼ê f(x, y) = (1 + ey) cosx− yey�4�§¿?Ø´4��´4�.

2. ?Ø2ÂÈ©

∫ +∞

1

ln(1 + 1
x)

3
√
x

dx�ñÑ5.

3. ?Ø?ê
∞∑
n=2

(√
n+ 1−

√
n
)p

ln
n+ 2

n+ 1
(p ∈ R) �ñÑ5.

4. ¦�©�§ (x2y3 + xy)
dy

dx
= 1�ÏÈ©.

5. ¦�©�§ y′′ = 1 + (y′)2�Ï).

�! (10©) O� I1 =

∮
C

ydx− xdy

x2 + y2
, Ù¥C�_����§©O�±eü«´»µ

(1) �±x2 + y2 = 2x+ 2y − 1; (2) 4­� |x|+ |y| = 1.

n!(10©) O� I2 =

∮
C

y2

2
dx−xzdy+

y2

2
dz, Ù¥C´x2 + y2 + z2 = R2�x+ y = R�

��§l y¶��w�´^����.

o!(10©) O�1�a­¡È© I3 =

∫∫
Σ

xdydz + (z + 1)2dxdy, Ù¥Σ´e�¥¡ z =

−
√

1− x2 − y2, �eý.

Ê!(10©) (1) y²
(2n− 1)!!

(2n)!!
<

1√
2n+ 1

;

(2) ?Ø?ê

∞∑
n=1

(−1)n
(2n− 1)!!

(2n)!!
�ñÑ5"XJÂñ§�²Ù´^�Âñ�´ýéÂñ,

¿`²nd.

8!(10©) ¦ê�?ê

∞∑
n=0

2n(n+ 1)

n!
�Ú"

Ô!(10©) ò¼ê f(x) = x sinx3 (−π, π)SÐm¤Fp�?ê.

l!(10©) (1) (�ûÆ�Æ)�)� f(x)��ëY��§g(x)��ëY��§�÷v f ′(x) =

g(x), g′(x) = 2ex − f(x), � f(0) = 0, g(0) = 2, O� I4 =

∫ π

0

(
g(x)

1 + x
− f(x)

(1 + x)2

)
dx.

(2) (ûÆ�Æ)�) � f(x) = x3 + 1− x
∫ x

0
f(t)dt+

∫ x

0
tf(t)dt, ¦ f(x)÷v��©

�§¿¦ f(x).

1



�È© II£1��g¤Ï"Áò (2016.6.20)

�!O�e��K(6©× 5=30©)

1©¦�­4� lim
x→+∞
y→+∞

(
5xy

3(x2 + y2)

)x2+y2

.

2. �u = u(x, y), v = v(x, y)d�§|
{ u2 − v + xy = 0,

u+ v2 + x− y = 0
¤(½§¦

∂u

∂x
,
∂v

∂y
.

3. ¦y?ê
∞∑
n=1

2n− 1

3n
Âñ§¿¦ÙÚ"

4. ¦�©�§ y′ − y = xy3�Ï).

5. ¦�©�§ yy′′ = (y′)2÷vÐ©^� y(0) = 1, y′(0) = 1�A).

�!(10©) � f(x, y) =


x(x2 − y2)
x2 + y2

, (x, y) 6= (0, 0),

0, (x, y) = (0, 0),

?Øf(x, y)3(0, 0)?�ëY

5§� �5���5"

n!(10©) ¦1�a­¡È© I1 =

∫∫
S

x2y2dS,Ù¥S�þ�¥¡ z =
√
R2 − x2 − y2, x2+

y2 ≤ R2.

o!(10©) O�1�a­¡È© I2 =

∫∫
S

(x3+az2)dydz+(y3+ax2)dzdx+(z3+ay2)dxdy,

Ù¥ a > 0´��~ê, S´þ�¥¡ z =
√
a2 − x2 − y2�þý. (J«µ|^pdúª)

Ê!(10©) ?Ø?ê

∞∑
n=2

(−1)n

(−1)n + n
�ñÑ5"XJÂñ§̀ ²Ù´^�Âñ�´ýéÂñ.

8!(10©) ¦ f(x) =
1

4
ln

1 + x

1− x
+

1

2
arctanx− x�ê�N�Ðª"

Ô!(10©) ò¼ê f(x) = x (0 ≤ x ≤ π)Ðm¤{u?ê§¿¦
∞∑
n=1

1

(2n− 1)2
,±9

∞∑
n=1

1

n2
�

Ú"

l!(10©) (1) ¦�?ê
∞∑
n=0

x3n

(3n)!
�Âñ�¶

(2) �S(x) =

∞∑
n=0

x3n

(3n)!
, ïáS(x)¤÷v��©�§§¿¦S(x).

1



�È© II£1��g¤Ï"Áò (2015.6.22)

�!O�e��K(5©× 11=55©)

1©O�­¡È©

∫∫
S

z dS, Ù¥S´¥¡x2 + y2 + z2 = a2�²¡ z = h (0 < h < a)�Ñ�ºÜ.

2. O��­È©

∫∫
D

|y − x2|dxdy, Ù¥D� |x| ≤ 1, 0 ≤ y ≤ 2.

3. ¦¥¡x2 + y2 + z2 + 2z = 5þ: (1, 1, 1)?��²¡Ú{�.

4. �O2ÂÈ©

∫ +∞

0

1 + x2

1 + x4
dx�ñÑ5, eÂñ§O�Ù�.

5. ¦)�©�§
dy

dx
=

y2

xy + x2
.

6. O�­�È©

∮
C
arctan

y

x
dy − dx, Ù¥C� y = x2� y = x¤�«��>.§�_����.

7. �O?ê

∞∑
n=1

( 1

3n
− 7

10n

)
´ÄÂñ§XJÂñ§¦ÙÚ.

8. O�­�È©

∫
l

xdy − ydx
x2 + y2

, Ù¥ l��¹ü �±x2 + y2 = 13S�©ã1w�{ü4­�§

�_����.

9. ¦)�©�§ (ex sin y − 2y sinx)dx+ (ex cos y + 2 cosx)dy = 0.

10. ¦�?ê
∞∑
n=0

(−1)n 1

2n+ 1
x2n+1 �Âñ�, ¿¦ÙÚ¼ê.

11. ¦?ê

∞∑
n=0

(−1)n 1

2n+ 1
��.£J«µ�|^þK(J¤

�!(12©) O�­¡È©

∫∫
S

axdy dz − 2y(z + a) dz dx+ (z + a)2 dx dy√
x2 + y2 + z2

, Ù¥ a > 0´��

~ê, S´­¡ z =
√
a2 − x2 − y2�þý,

n!(12©) �¼êQ(x, y)ëY��§­�È©

∫
C
3x2ydx +Q(x, y)dy�È©´»Ã'§�é�

�¢ê tÑk

∫ (t,1)

(0,0)
3x2ydx+Q(x, y)dy =

∫ (1,t)

(0,0)
3x2ydx+Q(x, y)dy, ¦¼êQ(x, y).

o!(13©) 1. ¦¼ê f(x) = x2, (−π ≤ x ≤ π) 3 [−π, π] þ�Fá�Ðmª¶

2. ¦?ê
∞∑
n=1

(−1)n+1 1

n2
�Ú. 3. ¦?ê

∞∑
n=0

1

(2n+ 1)2
�Ú.

Ê!(8©) (�K�ûÆ���)�) � an > 0, Sn = a1 + a2 + · · ·+ an (n = 1, 2, · · · ),

y²µ(1) ?ê

∞∑
n=1

an
Sn2
Âñ¶ (2) ?ê

∞∑
n=1

an√
Sn
Âñ��=�?ê

∞∑
n=1

anÂñ.

8!(8©) (�KûÆ���)�) ?Ø�¢ê p�Û��, ?ê
∞∑
n=1

(
e −

(
1 +

1

n

)n)p

Âñ, ¢

ê p�Û��, ?êuÑ.

1



�È© II£1��g¤Ï"Áò (2014.6.23)

�!{�K(6©× 8=48©)

1©¦�?ê

∞∑
n=1

(lnx)n �Âñ�.

2. ¦È© I =

∫
C

√
y ds, Ù¥C��Ô� y = x2l: (0, 0)� (2, 4)��ãl.

3. ¦�©�§ yy′′ + (y′)2 = 0�ÏÈ©.

4. ®� f(x)� [0, 2]þ�ëY¼ê§y²

∫ 1

0

∫ 1

0
f(x+ y) dxdy =

∫ 1

0
u[f(u) + f(2− u)] du.

5. ¦¼ê f(x) = ln(1 + x)'ux��?êÐª.

6. �O2ÂÈ©

∫ +∞

0

xp

1 + x2
dx (p ∈ R) �ñÑ5.

7. ¦¼ê�?ê I(x) =
∞∑
n=1

1

n(n+ 1)
xn�Ú¼ê.

8. O�­¡È© I =

∫∫
S

x2 dy dz+y2 dz dx+z2 dx dy ,Ù¥S´¥¡x2+y2+z2 = R2(R > 0)	

ý3 z ≥ 0�Ü©.

�!(10©) ¦?ê

∞∑
n=1

(−1)n

n+ 1
· 1

2nn!
�Ú.

n!(10©) O�­�È©

∫
Γ

2y dx+x dy+ez dz,Ù¥È©­�Γ�

{
x2 + y2 + z2 = 1,

x+ y = 1
l y¶

��w�´^����.

o!(10©) O�­¡È©

∫∫
S

(xy+ yz+ zx) dS , Ù¥S�I¡ z =
√
x2 + y2�Î¡x2 + y2 =

2x¤���k�Ü©.

Ê!(10©) � f(x) = |x|,

1. ¦ f(x)3 [0, π)þ��u?êÐª�cü�Xê b1Ú b2¶

2. y²µéu��¼êF (a, b) =

∫ π

0

[
f(x)− a sinx− b sin(2x)

]2
dx, (b1, b2)�Ù3R2þ���

�:.

ûÆ�ÓÆ?Àe�üK¥�K§Ù¦�XÓÆ7LÀ�1ÔK.

8!(12©) (1) ¦�§ y′′ − 5y′ + 6y = ex�Ï).

(2)� y = f(x)� y′′′−5y′′+6y′ = ex�)§y²µy = f(x)� y′′−5y′+6y = ex�

)�¿�^�� lim
x→−∞

f(x) = 0.

Ô!(12©) (1) ¦�§ y′′ − 5y′ + 6y = f(x)�Ï), Ù¥ f(x)�Rþ�ëY¼ê.

(2) e f(x) ≥ 0, y²þã�§÷v^� y(0) = y′(0) = 0�)7�K.

1



1©O�­¡È©

�È© II£1��g¤Ï"Áò (2013.6.26) 

�!O�e��K∫(5∫©× 10=50©)

S

z dS , Ù¥S�¥¡x2 + y2 + z2 = a2�²¡ z = h (0 < h < a)�Ñ

�ºÜ.

2. ¦?ê

∞∑
n=1

2n− 1

2n
�Ú.

3. ¦�?ê
∞∑
n=1

3n + (−2)n

n
(x+ 1)n �Âñ�», Âñ«mÚÂñ�.

4. ¦�©�§ y′′ − 2y′ + 5y = 0 �Ï).

5. )�©�§
dy

dx
=

y2

xy + x2
.

6. �O2ÂÈ©

∫ +∞

2

1

x2 + x− 2
dx �ñÑ5, eÂñ§O�Ù�.

7. O�­¡È©

∫∫
S

xyz dx dy , Ù¥S´¥¡x2 + y2 + z2 = 1	ý3x ≥ 0, y ≥ 0�Ü©.

8©O�­�È©

∫
l

x dy − y dx

x2 + y2
, Ù¥ l�ý�±

x2

25
+
y2

16
= 1 , È©U_����?1.

9. ¦­¡ z =
x2

2
+ y2 ²1u²¡ 2x+ 2y − z = 0 ��²¡��§.

10©O�n­È©

∫∫∫
Ω

z dx dy dz , Ù¥Ω ´«�x2 + y2 + z2 ≤ 4z,
√
x2 + y2 ≤ z .

�!(8©) �«�Ω = {(x, y, z) | 0 ≤ z ≤ t, x2 + y2 ≤ t2} (t > 0) , ¼ê f(u) ��¿

� f(0) = 0, f ′(0) = 2, F (t) =

∫∫∫
Ω

f(x2 + y2)dxdydz , ¦ lim
t→0+

F (t)

t5
.

n!(10©) �¼ê f(x) ��ëY��§÷v

∫ x

0
(x+ 1− t)f ′(t) dt = x2 + ex − f(x), ¦

¼ê f(x) .

o!(12©) O�­�È©

∫
l
(x2 − yz) dx+ (y2 − xz) dy + (z2 − xy) dz , Ù¥È©­� l ´

lA(a, 0, 0) �B(a, 0, h) �Ú� x = a cosϕ, y = a sinϕ, z =
h

2π
ϕ.

Ê!(12©) 1. �¼ê f(x) ´±Ï� 2�±Ï¼ê§� f(x) = 2 + |x|, (−1 ≤ x ≤ 1) , ¦¼

ê f(x) 3 [−1, 1] þ�Fá�Ðmª¶

2. ¦?ê
∞∑
n=0

1

(2n+ 1)2
�Ú. 3. ¦?ê

∞∑
n=1

1

n2
�Ú.

8!(8©) � f(x)´ [0,+∞)þ�ëY��¼ê§¦�2ÂÈ©

∫ +∞

1
|f ′(x)|dx Âñ§y²µ

XJ?ê

+∞∑
n=1

f(n)Âñ§K2ÂÈ©

∫ +∞

1
f(x) dxÂñ.

1



1©O�­¡È©

�È© II£1��g¤Ï"Áò (2012.6.20) 

�!O�e��K∫(6∫©× 10=60©)

S

z dS , Ù¥S�¥¡x2 + y2 + z2 = a2�²¡ z = h (0 < h < a)�Ñ�ºÜ.

2. O�­¡È©

∫∫
S

(x− y) dx dy + (y − z)x dy dz , Ù¥S�Î¡x2 + y2 = 19²¡ z = 0, z = 3¤

�¤��m4«�V ���>.­¡�	ý.

3. ¦?ê

∞∑
n=1

n

(2n− 1)2(2n+ 1)2
�Ú. 4. ¦�?ê

∞∑
n=1

(−1)n+1x
n

n
�Âñ�»ÚÂñ�.

5. ¦�©�§ y′′ + y = x2 �Ï). 6. ¦�©�§ (x− y) dx+ (x+ y) dy = 0 �Ï).

7. ¦¼ê ln
1 + x

1 − x
3x = 0?��VÐª. 8©�O2ÂÈ©

∫ +∞

0

arctanx

1 + xp
dx (p > 0) �ñÑ5.

9. O�­�È©

∫
C

√
x2 + y2 ds , Ù¥C��±x2 + y2 = ay (a > 0) .

10©O�n­È©

∫∫∫
Ω

y2 dx dy dz , Ù¥Ω �I¡ z =
√

4x2 + 4y2 � z = 2 ¤�áN.

�!(10©) ?Ø¢ê p�Û��§?ê
∞∑
n=1

(
1

n
− sin

1

n

)p

Âñ§¢ê p�Û��§?êuÑ.

n!(10©) �¼ê f(x), g(x) ëY��§f(0) = g(0) = 0 , ¦�­�È©∫ (1,0,1)

(0,1,0)

(
(x2 − f(x))y +

1

2
g(x)y2

)
dx+

(
f(x)y − g(x)

)
dy + dz

�´»Ã'§¦Ñ f(x), g(x) , ¿¦ÑT­�È©��.

o!(10©) 1. �¼ê f(x) ´± 2π �±Ï�±Ï¼ê§§3 [−π, π] þ�L�ª� f(x) = π2 −
x2, (−π ≤ x ≤ π) , ¦¼ê f(x) 3 [−π, π] þ�Fá�?êÐmª¶

2. ¦?ê
∞∑
n=1

(−1)n−1 1

n2
�Ú. 3. ¦?ê

∞∑
n=1

1

n2
�Ú.

Ê!(�K�ûÆ��Æ)7�K§10©) ®�­�È©

∫
L

1

f(x) + 8y2
(xdy − y dx) ð�u~êA , Ù

¥¼ê f(x) ëY��§f(1) = 1 , L �?¿���:O(0, 0) �{ü4­�§���§

(1) �G �Ø�¹�:�üëÏ«�§y²µG S�­�È©

∫
C

1

f(x) + 8y2
(xdy − y dx) �

´»Ã'§Ù¥C ��� uG S�­�¶

(2) ¦¼ê f(x) �~êA .

8!(�KûÆ�Æ)�§�ûÆ�Æ)�
Ø�©§10©) |^d÷�dúªO�­�È©∮
C

(y − z) dx+ (z − x) dy + (x− y) dz,

Ù¥C ´ý�x2 + y2 = a2,
x

a
+
z

h
= 1(a > 0, h > 0) , lx¶���w�§dý��_����.

1



�È© II£1��g¤Ï"Áòë��Y (2021.6.22)

�! 1©{²¡�§�x− 2y + z = 0, ���§�
x− 1

1
=
y − 2

−2
=
z − 3

1
.

2.
√
ay − y2, (y, z) ∈ D, D = {(y, z)|0 ≤ z ≤√ )µÎ¡31�%�Ü©P�S1, KS1 : x =

a2 − ay, 0 ≤ y ≤ a}.

S=4S1 =

¨

D

√
1 + (x′y)

2 + (x′z)
2dxdy=4

¨

D

a

2
√
ay − y2

dxdy=2

ˆ a

0
dy

ˆ a2−ay

0

a√
ay − y2

dx=4a2.

3. )µP = cos(x+ y2), Q = 2y cos(x+ y2)−
√

1 + y4,
∂Q

∂x
=
∂P

∂y
= −2y sin(x+ y2), ¤±È©�´

»Ã'. ���ãOA : y = 0, x : 0→ 2πa, K I1 =

ˆ
OA

Pdx+Qdy =

ˆ 2πa

0
cosxdx = sin(2πa).

4. )µS'u y = 0é¡§xy + yz'u y´Û¼ê§K

I2 =

¨

S

zxdS =

¨

D

x
√
x2 + y2

√
(1 + z′x)2 + (z′y)

2dxdy = 2
√

2

ˆ π
2

0
dθ

ˆ 2a cos θ

0
ρ3 cos θdρ =

64

15

√
2a4.

5. )µ

ˆ +∞

0
xp−1e−xdx =

ˆ 1

0
xp−1e−xdx+

ˆ +∞

1
xp−1e−xdx

éu I1 =

ˆ 1

0
xp−1e−xdx, (1) p ≥ 1�´½È©§Âñ¶(2) p < 1�§0´Û:§lim

x→0+
xp−1e−x·x1−p = 1,

d�Ü�O{, � 0 < 1− p < 1= 0 < p < 1�Âñ, � 1− p ≥ 1= p ≤ 0�uÑ. d(1)(2)��§I1=

� p > 0�Âñ.

éu I2 =

ˆ +∞

1
xp−1e−xdx, +∞´Û:§ lim

x→+∞
xp−1e−x · x2 = 0§¤± I2Âñ.

nþ§�ª=� p > 0�Âñ¶

�!1. )µ0 < un =
nn−1

(2n2 + n+ 1)
n+1
2

<
nn−1

(n2)
n
2
+1 =

1

n2
, 
?ê

∑∞
n=1

1

n2
Âñ§¤±�?êÂñ.

2. )µÏ�ê�
{ 1√

n

}
üN~�ªu",

∣∣∣∣ ∑n
k=1

sin
kπ

6

∣∣∣∣= 1

2 sin
π

12

∣∣∣∣ ∑n
k=1

2 sin
kπ

6
sin

π

12

∣∣∣∣ =
1

2 sin
π

12

∣∣∣∣ ∑n
k=1

(
cos

(2k − 1)π

12
− cos

(2k + 1)π

12

) ∣∣∣∣
=

1

2 sin
π

12

∣∣∣∣ cos
π

12
− cos

(2n+ 1)π

12

∣∣∣∣ ≤ 1

sin
π

12

,

�?ê
∑∞
n=1

sin
nπ

6
�Ü©Úk.. d)|�4�O{�?ê

∑∞
n=1

sin nπ
6√
n
Âñ.

q
∣∣∣sin nπ

6√
n

∣∣∣ ≥ sin2 nπ
6√
n

=
1

2
√
n
−

cos nπ3
2
√
n
. �þ¡�y²aq, �±��?ê

∑∞
n=1

cos nπ3
2
√
n
Âñ, 
?

ê
∑∞
n=1

1

2
√
n
uÑ. ��uÑ?ê���Âñ?êÅ��~¤��?ê

∑∞
n=1

sin2 nπ
6√
n
7uÑ, d'��O

{��?ê
∑∞
n=1

∣∣∣sin nπ
6√
n

∣∣∣uÑ. nþ¤ã§�?ê^�Âñ.



3. )µ5¿�
∑∞
n=1

(−1)n−1

n
xn = ln(1 + x), x ∈ (−1, 1], ¤±

∑∞
n=1

(−1)n−1

n

(
1− 1

3n

)
=
∑∞
n=1

(−1)n−1

n
−
∑∞
n=1

(−1)n−1

n

1

3n
= ln(1 + 1)− ln(1 +

1

3
) = ln

3

2
.

4. )µ��§z� (3x2+2xy−y2)dx+(x2−2xy)dy = 0,ù´��©�§§ÏÈ©�x3+x2y−xy2 = C.

5. )µ��§z�
dy

dx
− 1

x
y = x3 · y−2, ù´Ëã|�§§- y3 = u, K��§z�

du

dx
− 3

x
· u = 3x2,

)� u = e
´

3
x

dx
(
C +

ˆ
3x3e−

´
3
x

dxdx
)

= x3(C + 3x), �¤¦ÏÈ©� y3 = x3(C + 3x).

� �n!)µ S´²¡x+ y + z = 131�%� Ü©�þý§Kdd÷�dúª§

I3 = −2

¨

S

zdydz + xdzdx+ ydxdy = − 2√
3

¨

S

(x+ y + z)dS =
2√
3
σ(S) = −1.

S+S1

√
o!)µ­¡S��§� z = e x2+y2 , Ù¥ (x, y) ∈ D,D = {(x, y)|x2 + y2 ≤ a2}. �S1 : z =

ea, (x, y) ∈ D, �þý. P = 4xz,Q = −2yz,R = 1 − z2, Kdpdúª

¨
Pdydz + Qdzdx +

Rdxdy = 0§¤± I4 = −
¨

S1

(1− e2a)dxdy = (e2a − 1)

¨

D

dxdy = (e2a − 1)πa2

Ê!)µf ′(x) =
∑∞
n=1

4(2n)!!

(2n+ 1)!!
x2n+1, f ′′(x) =

∑∞
n=1

4(2n)!!

(2n− 1)!!
x2n = x

∑∞
n=1

4(2n)!!

(2n− 1)!!
x2n−1 = xs(x),

s(x) =
∑∞
n=1

4(2n)!!

(2n− 1)!!
x2n−1, ü>È©�

ˆ x

0
s(x)dx =

∑∞
n=1

4(2n− 2)!!

(2n− 1)!!
x2n = x

∑∞
n=1

4(2n− 2)!!

(2n− 1)!!
x2n−1 = x

∑∞
n=0

4(2n)!!

(2n+ 1)!!
x2n+1

= x
(

4x+
∑∞
n=1

4(2n)!!

(2n+ 1)!!
x2n+1

)
= x(4x+ f ′(x)) = 4x2 + xf ′(x),

¤± s(x) = 8x+ f ′(x) + xf ′′(x), � f ′′(x) = xs(x) = 8x2 + xf ′(x) + x2f ′′(x)§

¤± f(x)÷v��©�§� f ′′(x)− f ′(x) =
x 8x2

1− x2
,

1− x2

ù´'u f ′(x)����5�©�§§)�

f ′(x) = e
´

x
1−x2

dx
(
C1 +

ˆ
8x2

1− x2
e
−
´

x
1−x2

dx
dx
)

=
1√

1− x2

(
C1 + 8

ˆ
x2

√
1− x2

dx
)

=
1√

1− x2

(
C1 + 4 arcsinx− 4x

√
1− x2

)
d f ′(0) = 0�C1 = 0, ¤± f ′(x) = 4

( arcsinx√
1− x2

− x
)

, ü>2È©� f(x) = 2(arcsinx)2 − 2x2 +C2,

d f(0) = 0�C2 = 0, ¤± f(x) = 2(arcsinx)2 − 2x2



�È© II£1��g¤Ï"Áòë��Y (2020.8.18)

�! )µ lim
x→0
y→0

f(x, y) = 0 = f(0, 0), ¤± f(x, y) 3 (0, 0) ?ëY.

xf
′ (0, 0)= lim

x→0

f(x, 0)− f(0, 0)

x y= 0, f ′ (0, 0)= lim
y→0

f(0, y)− f(0, 0)

y
= 0,

¤± f(x, y)3 (0, 0)?� �.

x yω = f(x, y)− f(0, 0)− f ′ (0, 0)x− f ′ (0, 0)y = f(x, y) = xy sin
1√

x2 + y2
,

lim
ρ→0+

ω

ρ
= lim

ρ→0+
ρ cos θ sin θ sin

1

ρ
= 0, ¤± f(x, y)3 (0, 0)?��.

x� (x, y) 6= (0, 0)�, f ′ (x, y) = y sin
1√

x2 + y2
− cos

1√
x2 + y2

· x2y√
(x2 + y2)3

,

lim
x→0
y→0

xf
′ (x, y) = lim

ρ→0+
(ρ sin θ sin

1

ρ
− cos2 θ sin θ cos

1

r
)Ø�3§� f(x, y)3 (0, 0)?ØëY��.

√=�!1©9x+ y − z = 27½ 9x+ 17y − 17z + 27 0.

2. )µS =

¨

x2+y2≤2a2

( √
3a√

3a2 − x2 − y2
+

a2 + x2 + y2

a

)
dxdy

=

ˆ 2π

0
dθ

ˆ
0

( √
3a√

3a2 − ρ2
+

√
a2 + ρ2

a

)
ρdρ =

16

3
πa2.

3. I =

ˆ +∞

1
dx

ˆ +∞

x2

1

x4 + y2
dy =

ˆ +∞

1

1

x2
arctan

y

x2

∣∣∣∣y→+∞

y=x2
dx =

π

4

ˆ
1

+∞ 1

x2
dx =

π

4
.

n!1. ­��ëê�§�x = cos θ, y =
sin θ√

2
, z =

sin θ√
2
, θl 0�

π

2
, K

21/2

I =

ˆ π
2

0
(− cos θ sin θ +

1√ cos2 θ)dθ =
2

√
2π

8
− 1

2
.

2. PS : x+ y = R�ý, I =

¨

S

(y + x)dydz − (y + z)dxdy = − R√
2

¨

S

dS = −
√

2πR3

4
.

3. �S1 : z = 0, ((x, y) ∈ D) �eý, Ù¥D : x2 + y2 ≤ a2. Ω´S�S1¤�áN§

P = x3 + az2, Q = y3 + ax2, R = z3 + ay2, K¨

S+S1

Pdydz+Qdzdx+Rdxdy=

˚

Ω

3(x2 + y2 + z2)dxdydz=3

ˆ 2π

0
dθ

ˆ π
2

0
dϕ

ˆ a

0
r4 sinϕdr=

6πa5

5
,

¨

S1

Pdydz +Qdzdx+Rdxdy = −
¨

D

ay2dxdy = −a
ˆ 2π

0
dθ

ˆ a

0
ρ3 sin2 θdρ = −πa

5

4
,

¤± I =
6πa5

5
+
πa5

4
=

29

20
πa5

o!1. )µarctanx = x− x3

3
+ o(x4), an =

1

n
− arctan

1

n
=

1

n
−
( 1

n
− 1

3n3
+ o(

1

n4
)
)
∼ 1

3n3
,

¤±?êÂñ.

2. )µan =
(2n− 1)!!

(2n)!!
, anüN~§

1

2n
< an <

1√
2n+ 1

, dY%OK�� lim
n→∞

an = 0§¤±d

4ÙZ]�O{���?êÂñ¶d an >
1

2n���?ê�ýéÂñ, ��?ê^�Âñ.



3. )µ�S(x) =
n=0

(n+ 1)2xn, ü>È©�

ˆ x

0
S(x)dx=

∑∞
n=0

(n+ 1)xn+1 = x
∑∞
n=0

(n+ 1)xn = x
(∑∞
n=0

xn+1
)′

=x
( x

1− x

)′
=

x

(1− x)2
, (|x| < 1)

ü>¦�S(x) =
( x

(1− x)2

)′
=

x+ 1

(1− x)3
, (−1 < x < 1). -x = −1

3
�
∑∞
n=0

3
(−1)n(n+ 1)2 1

n
=

9

32
.

4. x2 =
1

3
+

4

π2

∑∞
n=1

(−1)n
1

n2
cosnπx, x ∈ (−∞,+∞), �x = 0=�

∑∞
n=1

(−1)n+1 1

n2
=
π2

12
.

Ê!1. tan(1 + x+ y)− sec(1 + x+ y) = x− 1.

dx

dy

2x

y
2. ��§�±�¤ − = −2

x2

y3
, ù´��'ux�Ëã|�§§ÏÈ©� y2 = Ce

y2

x .

8!y = (C1 + C2x)e−x +
1

6
x3e−x.



�È© II£1��g¤Ï"Áòë��Y (2019.6.17)

�! 1©²¡�§� z =
1

8
x+

1

2
y − 9

4
, (x, y) ∈ D, Ù¥D : x2 + (y − 3)2 ≤ 9.

K¤¦¡ÈS =

∫∫
D

√
1 + (z′x)

2 + (z′y)
2dxdy =

∫∫
D

9

8
dxdy =

9

8
· 9π =

81

8
π.

2. an = n arcsin
π

5n
, lim
n→∞

an+1

an
= lim

n→∞

(n+ 1) · arcsin π
5n+1

n · arcsin π
5n

= lim
n→∞

(n+ 1) · π
5n+1

n · π5n
=

1

5
< 1,

¤±?êÂñ.

3. x = 1´Û:. lim
x→1−

x3

√
1− x4

·
√
1− x = lim

x→1−

x3√
(1 + x)(1 + x2)

=
1

2
, ¤±2ÂÈ©Âñ.

4. ù´Ëã|�§§- y2 = u, �§z�
du

dx
− 1

x
u = −1, ÏÈ©� y2 = Cx− x ln |x|.

5. �§z� (x2− y+5)dx− (x+ y2 +2)dy = 0, ù´��©�§§ÏÈ©� x3−y3
3 − xy+5x− 2y = C.

�! )µ��LL:M0(
27
8 ,−

27
8 , 0), ���þ� (10, 2,−2)× (1, 1,−1) = 8(0, 1, 1).

��:� (x0, y0, z0), K{�þ� (3x0, y0,−z0), �²¡�§� 3x0x+ y0y − z0z = 27.

¤±


3x0 · 27

8 + y0 · (−27
8 ) = 27,

(3x0, y0,−z0) · (0, 1, 1) = 0,

3x2
0 + y2

0 − z2
0 = 27.

)� (x0, y0, z0) = (3, 1, 1)½ (−3,−17,−17),

¤±�²¡�§� 9x+ y − z = 27½ 9x+ 17y − 17z = −27.

n! PP (x, y) = (x+ y + 1)ex − ey + y, Q(x, y) = ex − (x+ y + 1)ey − x, K ∂Q

∂x
− ∂P

∂y
= −2∫

C+AO
Pdx+Qdy = −

∫∫
D

(−2)dxdy (Ù¥D�^Ó���ÿ�x¶¤��«�)

= 2

∫ 2πa

0
ydx = 2

∫ 2π

0
a2(1− cos t)2dt = 6πa2,

¤± I1 = 6πa2 +

∫ 2πa

0
((x+ 1)ex − 1)dx = 6πa2 + 2πa(e2πa − 1).

o!�{�: �S1 : z = 0, (x2 + y2 ≤ 1), �eý, K∫∫
S+S1

2x3dydz + 2y3dzdx+ 3(z2 − 1)dxdy =

∫∫∫
Ω

6(x2 + y2 + z)dxdydz (Î�I)

= 6

∫ 2π

0
dθ

∫ 1

0
dρ

∫ 1−ρ2

0
(ρ3 + ρz)dz = 2π, ¤±

I2 = 2π −
∫∫
S1

2x3dydz + 2y3dzdx+ 3(z2 − 1)dxdy = 2π +

∫∫
x2+y2≤1

(−3)dxdy = −π.

�{�: S : z = 1− x2 − y2, (x, y) ∈ D, D : x2 + y2 ≤ 1, K

I2 =

∫∫
D

(
2x3(−z′x) + 2y3(−z′y) + 3

(
(1− x2 − y2)2 − 1

))
dxdy

=

∫∫
D

(7x4 + 7y4 − 6x2 − 6y2 + 6x2y2)dxdy (4�I)

1



=

∫ 2π

0
dθ

∫ 1

0

(
7ρ5 cos4 θ + 7ρ5 sin4 θ − 6ρ3 + 6ρ5 cos2 θ sin2 θ

)
dρ = −π.

Ê!(10©) � an = 1 +
1

2
+

1

3
+ · · ·+ 1

n
, �O?ê

∞∑
n=1

an
(n+ 1)(n+ 2)

�ñÑ5¶eÂñ§¦ÙÚ.

)µx > 0�§
x

1 + x
< ln(1 + x), -x =

1

k
, K

1

k + 1
< ln

(
1 +

1

k

)
, � k = 1, 2, · · · , n− 1,

2ò�ª�\�� an = 1 +
1

2
+ · · ·+ 1

n
< lnn+ 1 < 2 lnn (n ≥ 3), ¤±

an
(n+ 1)(n+ 2)

<
2 lnn

n2
.


 lim
n→∞

2 lnn

n2
· n

3
2 = 0, ¤±?ê

∞∑
n=1

2 lnn

n2
Âñ. d'��O{§?ê

∞∑
n=1

an
(n+ 1)(n+ 2)

Âñ.

Sn =
n∑
k=1

ak
(k + 1)(k + 2)

=
n∑
k=1

ak

( 1

k + 1
− 1

k + 2

)
=
a1

2
+
a2 − a1

3
+ · · ·+ an − an−1

n+ 1
− an
n+ 2

= 1− 1

n+ 1
− an
n+ 2

, ¤±
∞∑
n=1

an
(n+ 1)(n+ 2)

= lim
n→∞

Sn = 1.

8! - t = x2, éu?ê
∞∑
n=1

2n− 1

2n
tn−1, an =

2n− 1

2n
, lim
n→∞

an+1

an
= lim

n→∞

(2n+ 1) · 2n

(2n− 1)2n+1
=

1

2
,

¤±R = 2. t = 2�§?ê�
∞∑
n=1

2n− 1

2
uÑ; ¤± 0 ≤ x2 < 2, Âñ�� (−

√
2,
√
2).

�S(x) =

∞∑
n=1

2n− 1

2n
x2n−2, K

∫ x

0
S(x)dx =

∞∑
n=1

1

2n
x2n−1 =

1

x

∞∑
n=1

(x2

2

)n
=

x2

2 ·
1
x

1− x2

2

=
x

2− x2
,

¤±S(x) =
( x

2− x2

)′
=

2 + x2

(2− x2)2
, x ∈ (−

√
2,
√
2).

∞∑
n=1

2n− 1

2n
= S(1) = 3.

Ô!f(x)´ó¼ê§¤± bn = 0, n = 1, 2, · · · .

a0 =
2

π

∫ π

0
(π2 − x2)dx =

4π2

3
, an =

2

π

∫ π

0
(π2 − x2) cosnxdx =

4(−1)n+1

n2
, n = 1, 2, · · · ,

¤±π2 − x2 =
2

3
π2 +

∞∑
n=1

4(−1)n+1

n2
cosnx, x ∈ [−π, π].

�\x = 0�

∞∑
n=1

(−1)n+1

n2
=
π2

12
, �\x = π�

∞∑
n=1

(−1)n+1

n2
=
π2

6
,

∞∑
n=1

1

n2
+

∞∑
n=1

(−1)n+1

n2
=

∞∑
n=1

2

(2n− 1)2
=
π2

6
+
π2

12
=
π2

4
, ¤±

∞∑
n=1

1

(2n− 1)2
=
π2

8
.

l! y1 − y3 = e−x´éA�àg�§���)§K y4 = y2 − e−x = xex´�àg�§���)§

y1 − y4 = e2x´éA�àg�§�,��)"¤±−1, 2´A��"

���5�àg�©�§� y′′ − y′ − 2y = f(x), ò y4 = xex�\�§�� f(x) = (1− 2x)ex.

¤±�©�§� y′′ − y′ − 2y = (1− 2x)ex, Ï)� y = C1e
−x + C2e

2x + xex.

2



�È©II£1��g¤Ï"Áòë��Y2018.7.3

�!1©
∂u

∂x
= f ′(

√
x2 + y2 + z2)

x√
x2 + y2 + z2

,

∂2u

∂x∂y
=

xy

x2 + y2 + z2
f ′′(
√
x2 + y2 + z2)− xy

(x2 + y2 + z2)
3
2

f ′(
√
x2 + y2 + z2)¶

2. +∞´��Û:. lim
x→+∞

1

x n
√
1 + x

· x1+ 1
n = 1, 1 + 1

n > 1, ¤±�2ÂÈ©Âñ"

3. ){�µ - t = (x − 3)2, éu?ê
∞∑
n=1

tn

n5n
, an =

1

n5n
, lim
n→∞

an+1

an
= lim

n→∞

n · 5n

(n+ 1)5n+1
=

1

5
, ¤

±R = 5. t = 5�§?ê�

∞∑
n=1

1

n
, uÑ; ¤± 0 ≤ (x − 3)2 < 5, )� 3 −

√
5 < x < 3 +

√
5, Âñ�

� (3−
√
5, 3 +

√
5).

){�µ-un =
(x− 3)2n

n5n
, lim
n→∞

|un+1|
|un|

= lim
n→∞

n · 5n(x− 3)2

(n+ 1)5n+1
=

(x− 3)2

5
, �

(x− 3)2

5
< 1 �§�?ê

ýéÂñ¶�
(x− 3)2

5
> 1�§�?êuÑ¶�

(x− 3)2

5
= 1�§?ê�

∞∑
n=1

1

n
, uÑ; ¤±

(x− 3)2

5
< 1,

)� 3−
√
5 < x < 3 +

√
5, Âñ�� (3−

√
5, 3 +

√
5).

4. ��§z�
dx

dy
+ x cot y = cos y, 'ux´���5�§§)�

x = e−
∫

cot ydy(C +

∫
cos ye

∫
cot ydydy) =

C

sin y
+

sin y

2
.

y(1) =
π

6
�\�C =

3

8
, ¤±¤¦A)� 8x sin y = 3 + 4 sin2 y.

5. (��©�§§Ï)�sin
y

x
− cos

x

y
+ 5x− 3

y2
= C)

�! �­¡S1 : z = 0, (x2 + y2 ≤ a2), �eý§K∫∫
S+S1

(x3 + az2)dydz + (y3 + ax2)dzdx+ (z3 + ay2)dxdy =

∫∫∫
Ω

(3x2 + 3y2 + 3z2)dxdydz

= 3

∫ 2π

0
dθ

∫ π
2

0
dϕ

∫ a

0
r4 sinϕdr =

6πa5

5
.∫∫

S1

(x3 + az2)dydz + (y3 + ax2)dzdx+ (z3 + ay2)dxdy = −
∫∫

x2+y2≤a2

ay2dxdy

= −a
∫ 2π

0
dθ

∫ a

0
ρ3 sin2 θdρ = −πa

5

4
. �ª=

6πa5

5
+
πa5

4
=

29πa5

20
.

n! �C¤���8>/�S : x+ y + z =
3a

2
, �þý§KS�¡È�

3
√
3

4
a2. dd÷�dúª§

I2 = − 4√
3

∫∫
S

(x+ y + z)dS = − 4√
3
· 3a
2

∫∫
S

dS = − 4√
3
· 3a
2
· 3
√
3

4
a2 = −9

2
a3.

1



o! an =

√
n+ 2−

√
n

np
=

2

np(
√
n+ 2 +

√
n)
∼ 1

np+1/2
§

¤± p >
1

2
�ýéÂñ§−1

2
< p ≤ 1

2
�§�ýéÂñ"

−1

2
< p ≤ 1

2
�§�?ê´��?ê§̂ 4ÙZ]�O{��?ê^�Âñ¶

p ≤ −1

2
�§���Øª�u0§?êuÑ.

Ê! f(x) =
x2 − 4x+ 14

(x− 3)2(2x+ 5)
=

1

2x+ 5
+

1

(x− 3)2
=

1

5
(1 +

2

5
x)−1 +

1

9
(1− x

3
)−2

(1 +
2

5
x)−1 = 1 +

∞∑
n=1

(−1)(−2) · · · (−n)
n!

(
2

5
x)n = 1 +

∞∑
n=1

(−1)n 2
n

5n
xn, x ∈ (−5

2
,
5

2
),

(1− x

3
)−2 = 1 +

∞∑
n=1

(−2)(−3) · · · (−n− 1)

n!
(−x

3
)n = 1 +

∞∑
n=1

n+ 1

3n
xn, x ∈ (−3, 3),

¤± f(x) =

∞∑
n=0

(n+ 1

3n+2
+ (−1)n 2n

5n+1

)
xn, x ∈

(
− 5

2
,
5

2

)
.

8!f(x) =
1

2

∞∑
n=1

(−1)n+1

n
sinnx, x ∈ [0, π).

3þª¥�x =
π

2
, � I = 1− 1

3
+

1

5
− 1

7
+

1

9
− · · · = π

4
, u´

1 +
1

5
− 1

7
− 1

11
+

1

13
+

1

17
− · · · = I +

1

3
− 1

9
+

1

15
− 1

21
+ · · · = I +

1

3
I =

π

3
.

Ô!y = C1e
x + C2e

−x − 2x+
e2x

10
(cosx+ 2 sinx).

l!(1) 3 f(x+ y) =
f(x) + f(y)

1− 4f(x)f(y)
¥-x = y = 0� f(0) = 0.

Ï� f ′(0)�3§¤± f(x)3x = 0ëY§= lim
x→0

f(x) = f(0) = 0.

� f ′(0) = lim
y→0

f(y)− f(0)
y

= lim
y→0

f(y)

y
.

lim
y→0

f(x+ y)− f(x)
y

= lim
y→0

f(x)+f(y)
1−4f(x)f(y) − f(x)

y
= lim

y→0

f(y)

y
(1 + 4f2(x)) = f ′(0)(1 + 4f2(x)),

= f ′(x) = a(1 + 4f2(x)), ù´���©lCþ��§§)� f(x) =
1

2
tan(2ax+ C),

d f(0) = 0�C = 0, ¤± f(x) =
1

2
tan(2ax).

(2) f ′(x)− 1

x
f(x) = −2

x
, f(x) = 2 + Cx.

2



�!1© d

�È©II(1��g)Ï"Áòë��Y (2017.7.4){
f ′x = −(1 + ey) sinx = 0,

f ′y = ey(cosx− 1− y) = 0
�7:P1(2kπ, 0), P2((2k − 1)π,−2), k ∈ Z.

f ′′xx = −(1 + ey) cosx, f ′′xy = −ey sinx, f ′′yy = ey(cosx− y − 2),

éuP1, A = −2, B = 0, C = −1, B2 −AC < 0, A < 0, ¤± f(P1) = 2´4��¶

éuP2, A = 1 + e−2, B = 0, C = −e−2, B2 −AC > 0, ¤±P2Ø´4�:.

2. +∞´��Û:. lim
x→+∞

ln(1 + 1
x)

3
√
x

· x
4
3 = 1, ¤±�2ÂÈ©Âñ"

3.
(√
n+ 1−

√
n
)p

ln
n+ 2

n+ 1
=

ln(1 + 1
n+1)(√

n+ 1 +
√
n
)p ∼ 1

2pn
p
2

+1
, =�

p

2
+ 1 > 1= p > 0��?êÂñ.

4. ��§z�
dx

dy
− yx = y3x2, 'ux´Ëã|�§. -x−1 = u, K�§z�

du

dy
+ yu = −y3, )

�u = e−
∫
ydy
(
C −

∫
y3e

∫
ydydy

)
= e−

y2

2

(
C − 2e

y2

2
(y2

2
− 1
))

, �ÏÈ©�x
(
Ce−

y2

2 − y2 + 2
)
= 1.

5. - y′ = p(x), K y′′ =
dp

dx
, ��§z�

dp

dx
= 1+ p2, ©lCþ�

dp

1 + p2
= dx, ü>È©� arctan p =

x+ C1, = y′ = tan(x+ C1), )�Ï)� y = − ln | cos(x+ C1)|+ C2.

�! (1)
∂P

∂y
=
∂Q

∂x
=

x2 − y2

(x2 + y2)2
, d��úª� I1 = 0.

(2) �­�C1 : x2 + y2 = ε2, 0 < ε < 0.5, �^����, K

I1 =

∮
C+C1

ydx− xdy
x2 + y2

−
∮
C1

ydx− xdy
x2 + y2

= 0−
∮
C1

ydx− xdy
x2 + y2

= −2π.

n! dd÷�dúª, I2 =

∫∫
S

(x+ y)dydz − (y + z)dxdy£Ù¥S�x+ y = R, ��ý¤

= −
∫∫
S

√
2R

2
dS = −

√
2

2
R · π

(√2
2
R
)2

= −
√
2πR3

4
.

o! �­¡S : z = 0, (x2 + y2 ≤ 1), �þý§K∫∫
Σ+S1

xdydz+(z+1)2dxdy =

∫∫∫
Ω

(2z+3)dxdydz =

∫ 2π

0
dθ

∫ π

π
2

dϕ

∫ 1

0
2r cosϕ ·r2 sinϕdr+3 · 1

2
· 4π
3

=
3π

2
.

I3 =
3π

2
−
∫∫
S

xdydz + (z + 1)2dxdy =
3π

2
−
∫∫

x2+y2≤1

dxdy =
3π

2
− π =

π

2
.

Ê!y²µ(1) � an =
(2n− 1)!!

(2n)!!
, dØ�ªn2 > (n+ 1)(n− 1)��,

(an)
2 =

12 · 32 · · · (2n− 1)2

22 · 42 · · · (2n)2
<

12 · 32 · · · (2n− 1)2

(1 · 3)(3 · 5) · · · (2n− 1)(2n+ 1)
=

1

2n+ 1
, ¤± an <

1√
2n+ 1

.

(2) du 0 < an <
1√

2n+ 1
, dY%OK�� lim

n→∞
an = 0, � an+1 = an ·

(2n+ 1)!!

(2n+ 2)!!
< an,

1



d4ÙZ]�O{��?ê

∞∑
n=1

(−1)n (2n− 1)!!

(2n)!!
Âñ.

q an = 1 · 3
2
· 5
4
· · · 2n− 1

2n− 2
· 1

2n
>

1

2n
, ¤±?ê

∞∑
n=1

(2n− 1)!!

(2n)!!
uÑ. ��?ê^�Âñ.

8!�{�µ�Ä�?êS(x) =
∞∑
n=0

(n+ 1)

n!
xn, d�?ê�Âñ�� (−∞,+∞).

K

∫ x

0
S(x)dx = x

∞∑
n=0

xn

n!
= xex, S(x) =

(
xex
)′

= (x+ 1)ex. -x = 2=�

∞∑
n=0

2n(n+ 1)

n!
= 3e2.

�{�µ5¿� ex =
∞∑
n=0

xn

n!
, x ∈ (−∞,+∞),

∞∑
n=0

2n(n+ 1)

n!
=
∞∑
n=1

2nn

n!
+
∞∑
n=0

2n

n!
= 2

∞∑
n=1

2n−1

(n− 1)!
+
∞∑
n=0

2n

n!
= 2e2 + e2 = 3e2.

Ô! Ï� f(x)´ó¼ê§¤± bn = 0 (n = 1, 2, · · · );

a0 =
2

π

∫ π

0
x sinxdx =

2

π

(
− x cosx+ sinx

)∣∣∣∣π
0

= 2,

a1 =
2

π

∫ π

0
x sinx cosxdx =

1

π

∫ π

0
x sin 2xdx =

1

π

(
− x

2
cos 2x+

1

4
sin 2x

)∣∣∣∣π
0

= −1

2
,

an =
2

π

∫ π

0
x sinx cosnxdx =

1

π

∫ π

0
x
(
sin(n+ 1)x− sin(n− 1)x

)
dx

=
1

π

(
− x

n+ 1
cos(n+ 1)x+

1

(n+ 1)2
sin(n+ 1)x+

x

n− 1
cos(n− 1)x− 1

(n− 1)2
sin(n− 1)x

)∣∣∣∣π
0

=
2(−1)n+1

n2 − 1
, (n = 2, 3, · · · ).

¤± x sinx = 1− 1

2
cosx+ 2

∞∑
n=2

(−1)n+1

n2 − 1
cosnx, x ∈ (−π, π).

l! (1) dK¿�� f(x)÷v��©�§� f ′′(x) + f(x) = 2ex, f(0) = 0, f ′(0) = 2, )ù��©�§

� f(x) = − cosx+ sinx+ ex.

I4 =

∫ π

0

1

1 + x
df(x)−

∫ π

0

f(x)

(1 + x)2
dx =

f(x)

1 + x

∣∣∣∣π
0

=
f(π)

1 + π
=

1 + eπ

1 + π
.

(2) f(x)÷v��©�§� f ′′(x) + f(x) = 6x, f(0) = 1, f ′(0) = 0, )� f(x) = cosx− 6 sinx+ 6x.

2



�È©II(1��g)Ï"Áòë��Y (2016.6.20)

�! 1© 0 <

(
5xy

3(x2 + y2)

)x2+y2

≤

(
5

6

)x2+y2

, 
 lim
x→+∞
y→+∞

(
5

6

)x2+y2

= 0, dY%OK��§�ª=0.

2. �F = u2−v+xy,H = u+v2+x−y,K ∂u

∂x
= −

D(F,H)
D(x,v)

D(F,H)
D(u,v)

= −2vy + 1

4uv + 1
,
∂v

∂y
= −

D(F,H)
D(u,y)

D(F,H)
D(u,v)

=
2u+ x

4uv + 1
.

3. �{ 1: lim
n→∞

un+1

un
= lim

n→∞

2n+ 1

3n+1
· 3n

2n− 1
=

1

3
< 1, d�K���O{��?êÂñ"

S = lim
n→∞

Sn = lim
n→∞

n∑
k=1

( k

3k−1
− k + 1

3k+1

)
= lim

n→∞

(
1− n+ 1

3

)
= 1.

�{ 2µ�E�?êS(x) =
∞∑
n=1

(2n− 1)x2n−2, d�?ê�Âñ��(-1,1).

K

∫ x

0
S(x)dx =

∞∑
n=1

x2n−1 = x

∞∑
n=1

(x2)n−1 =
x

1− x2
, S(x) =

( x

1− x2

)′
=

1 + x2

(1− x2)2
, x ∈ (−1, 1).

∞∑
n=1

2n− 1

3n
=

1

3

∞∑
n=1

(2n− 1)
( 1√

3

)2n−2
=

1

3
S
( 1√

3

)
= 1.

4. - y−2 = u, K��§z�
du

dx
+ 2u = −2x, Ï)�

u = y−2 = e−
∫

2dx
(
C +

∫
(−2x)e

∫
2dxdx

)
= Ce−2x − x+

1

2
.

5. - y′ = P (y), K y′′ = p
dp

dy
, ��§z� y

dp

dy
= p, ©lCþÈ©� p = cy, =

dy

dx
= Cy, �\Ð�^

��
dy

dx
= y, ©lCþÈ©� y = C1e

x, �\Ð�^�� y = ex.

�! (1) lim
x→0
y→0

f(x, y) = lim
x→0
y→0

x(x2 − y2)

x2 + y2
= lim

ρ→0+

ρ3 cos θ(cos2 θ − sin2 θ)

ρ2
= 0 = f(0, 0),

f(x, y)3 (0, 0)?ëY¶

(2) f ′x(0, 0) = lim
x→0

f(x, 0)− f(0, 0)
x

= lim
x→0

x

x
= 1, f ′y(0, 0)= lim

y→0

f(0, y)− f(0, 0)
y

= lim
y→0

0

y
= 0,

¤± f(x, y)3 (0, 0)?� �.

(3) - f(x, y)− f(0, 0) = f ′x(0, 0)x+ f ′y(0, 0)y + ω, Kω =
x(x2 − y2)

x2 + y2
− x = −2ρ cos θ sin2 θ,

ω

ρ
= −2 cos θ sin2 θ 66→ 0(ρ→ 0), ¤± f(x, y) 3 (0, 0) ?Ø��.

n! I1 =

∫∫
x2+y2≤R2

x2y2
√
1 + (z′x)

2 + (z′y)
2dxdy =

∫∫
x2+y2≤R2

Rx2y2√
R2 − x2 − y2

dxdy

= R

∫ 2π

0
dθ

∫ R

0

ρ5 cos2 θ sin2 θ√
R2 − ρ2

dρ =

∫ 2π

0
cos2 θ sin2 θdθ ·

∫ R

0

ρ5√
R2 − ρ2

dρ

(ρ = R sin t)
∫ 2π

0

1− cos 4θ

8
dθ ·

∫ π
2

0
R5 sin5 tdt =

2πR6

15
.

1



o! �­¡S1 : z = 0, (x2 + y2 ≤ a2), �eý§K∫∫
S+S1

(x3 + az2)dydz + (y3 + ax2)dzdx+ (z3 + ay2)dxdy =

∫∫∫
Ω

(3x2 + 3y2 + 3z2)dxdydz

= 3

∫ 2π

0
dθ

∫ π
2

0
dϕ

∫ a

0
r4 sinϕdr =

6πa5

5
.∫∫

S1

(x3 + az2)dydz + (y3 + ax2)dzdx+ (z3 + ay2)dxdy = −
∫∫

x2+y2≤a2

ay2dxdy

= −a
∫ 2π

0
dθ

∫ a

0
ρ3 sin2 θdρ = −πa

5

4
. �ª=

6πa5

5
+
πa5

4
=

29πa5

20
.

Ê! |un| =
1

n+ (−1)n
∼ 1

n
, (n→∞), 
NÚ?ê

∞∑
n=2

1

n
uÑ, ¤±�?êØýéÂñ¶

un=
(−1)n

n+ (−1)n
=(−1)n n

n2 − 1
− 1

n2 − 1
, 
?ê

∞∑
n=2

(−1)n n

n2 − 1
´4ÙZ[.���?ê§Âñ¶ ?

ê

∞∑
n=2

1

n2 − 1
�Âñ§¤±�?êÂñ�^�Âñ.

8! f ′(x) =
1

1− x4
−1 =

∞∑
n=1

x4n (|x| < 1), ¤± f(x) = f(0)+

∫ x

0
f ′(x)dx =

∞∑
n=1

x4n+1

4n+ 1
, |x| < 1.

Ô! ò f(x)?1óòÿ§K bn = 0 (n = 1, 2, · · · ); a0 =
2

π

∫ π

0
xdx = π,

an =
2

π

∫ π

0
x cosnxdx =

2((−1)n − 1)

n2π
= − 4

(2k − 1)2π
, (n = 2k − 1, k = 1, 2, · · · )

¤± x =
π

2
−
∞∑
n=0

4

π(2n− 1)2
cos(2n− 1)x, x ∈ [0, π]. x = 0�\þª�

∞∑
n=1

1

(2n− 1)2
=
π2

8
.

S =

∞∑
n=1

1

n2
=

∞∑
n=1

1

(2n− 1)2
+

∞∑
n=1

1

(2n)2
=

∞∑
n=1

1

(2n− 1)2
+

1

4

∞∑
n=1

1

n2
=
π2

8
+

1

4
S, ¤±S =

π2

6
.

l! (1) un(x) =
x3n

(3n)!
, lim
n→∞

|un+1|
|un|

= lim
n→∞

|x|3n+1(3n)!

|x|3n(3n+ 3)!
= 0, ¤±Âñ�� (−∞,+∞).

(2) S(x) =
∞∑
n=0

x3n

(3n)!
, S′(x) =

∞∑
n=0

x3n−1

(3n− 1)!
, S′′(x) =

∞∑
n=0

x3n−2

(3n− 2)!
, ���©�§

{
S′′ + S′ + S = ex,

S(0) = 1, S′(0) = 0.

A��§�λ2 + λ+ 1 = 0, λ = −1

2
±
√
3

2
i. �A)�y∗ = Aex, �\��§� y∗ =

1

3
ex.

�§�Ï)� S = e−
1
2
x
(
C1 cos

√
3

2
x+ C2 sin

√
3

2
x
)
+

1

3
ex.

dÐ©^�S(0) = 1, S′(0) = 0��C1 =
2

3
, C2 = 0, ¤±S(x) =

2

3
e−

1
2
x cos

√
3

2
x+

1

3
ex.

(S(x)÷v��©�§��±´S′′′(x)− S(x) = 0, S(0) = 1, S′(0) = S′′(0) = 0.)

2



�È©II(1��g)Ï"ë��Y (2015.6.22)

�!1. ­¡S��§� z =
√
a2 − x2 − y2, (x, y) ∈ D, D : x2 + y2 ≤ a2 − h2,

�ª=

∫∫
D

√
a2 − x2 − y2 ·

√
1 + (z′x)

2 + (z′y)
2dx dy =

∫∫
D

adx dy = πa(a2 − h2).

2. �ª=

∫ 1

−1
dx

∫ 2

x2
(y − x2)dy +

∫ 1

−1
dx

∫ x2

0
(x2 − y)dy =

46

15
.

3. PF (x, y, z) = x2+y2+z2+2z−5, Kn = (F ′x(1, 1, 1), F
′
y(1, 1, 1), F

′
z(1, 1, 1)) = (2, 2, 4) = 2(1, 1, 2),

u´­¡3 (1, 1, 1)��²¡�§� (x− 1)+ (y− 1)+2(z− 1) = 0, {��§�
x− 1

1
=
y − 1

1
=
z − 1

2
.

4.

∫ +∞

0

1 + x2

1 + x4
dx =

∫ +∞

0

1 + 1
x2

x2 + 1
x2

dx =

∫ +∞

0

d(x− 1
x)

(x− 1
x)

2 + 2
=

1√
2
arctan

(x− 1
x)√

2

∣∣∣∣∣
+∞

0

=
π√
2

5. ��§�z�
dy

dx
=

( yx)
2

y
x + 1

, ù´��àg�©�§. - u =
y

x
, K y = ux,

dy

dx
= u+ x

du

dx
, u´��

§C�u+ x
du

dx
=

u2

u+ 1
, ©lCþ�

(
1 +

1

u

)
du = −dx

x
, ü>È©, �u+ ln |u|+C = − ln |x|, ¤±�

�§�ÏÈ©�:
y

x
+ ln |y|+ C = 0. y = 0�Û). (ÏÈ©���¤ y = Ce−

y
x .)

6.

∮
C
arctan

y

x
dy − dx =

∫ 1

0
[2xarctanx− 1]dx+

∫ 0

1
(arctan1− 1)dx =

π

4
− 1.

7. S = lim
n→∞

( 1
3(1− (13)

n)

1− 1
3

−
7
10(1− ( 1

10)
n)

1− 1
10

)
= − 5

18
. ¤±?êÂñ§Ú�− 5

18
.

8. PP =
−y

x2 + y2
, Q =

x

x2 + y2
, K

∂P

∂y
=
∂Q

∂x
=

y2 − x2

(x2 + y2)2
3 l�ü �±C : x2 + y2 = 1¤��«

�S¤á§�È©�´»Ã'§¤±

∫
l

xdy − ydx
x2 + y2

=

∫
C

xdy − ydx
x2 + y2

=

∫ 2π

0
dθ = 2π.

9. PP = ex sin y − 2y sinx,Q = ex cos y + 2 cosx, K
∂P

∂y
=

∂Q

∂x
= ex cos y − 2 sinx, ù´��

��©�§§u(x, y) =

∫ x

0
0dx +

∫ y

0
(ex cos y + 2 cosx)dy = ex sin y + 2y cosx, ¤±��§�Ï)

� ex sin y + 2y cosx = C.

10. -un(x) = (−1)n 1

2n+ 1
x2n+1, lim

n→∞

∣∣∣∣un+1(x)

un(x)

∣∣∣∣ = lim
n→∞

2n+ 1

2n+ 3
x2 = x2, ¤± |x| < 1�?êÂ

ñ§|x| > 1�?êuÑ§
x = ±1�§́ �?êÂñ§¤±Âñ�� [−1, 1]. �S(x) =
∞∑
n=0

(−1)n 1

2n+ 1
x2n+1,

KS(0) = 0, S′(x) =

∞∑
n=0

(−1)nx2n =
1

1 + x2
, ¤±S(x) = S(0) +

∫ x

0
S′(x)dx =

∫ x

0

1

1 + x2
dx =

arctanx, x ∈ [−1, 1].

11. 3þK¥-x = 1�
∞∑
n=0

(−1)n 1

2n+ 1
= arctan 1 =

π

4
.

�! �S1 : z = 0 (x2 + y2 ≤ a2), �eý, PV ´S�S1¤�áN.

I =

∫∫
S

ax dy dz − 2y(z + a) dz dx+ (z + a)2 dx dy√
x2 + y2 + z2

=

∫∫
S

axdy dz − 2y(z + a) dz dx+ (z + a)2 dx dy

a

1



=

∫∫
S+S1

axdy dz − 2y(z + a) dz dx+ (z + a)2 dx dy

a
−
∫∫
S1

axdy dz − 2y(z + a) dz dx+ (z + a)2 dx dy

a

=

∫∫∫
V

dV −
∫∫
S1

ax dy dz − 2y(z + a) dz dx+ (z + a)2 dx dy

a
=

2

3
πa3 +

∫∫
x2+y2≤a2

a dxdy =
5

3
πa3.

n! �P (x, y) = 3x2y, Ï�È©�´»Ã'§¤±P ′y(x, y) = Q′x(x, y) = 3x2, �Q(x, y) = x3 + ϕ(y).

qÏ�

∫ (t,1)

(0,0)
3x2ydx+Q(x, y)dy =

∫ 1

0
Q(0, y)dy +

∫ t

0
3x2dx =

∫ 1

0
Q(0, y)dy + t3,∫ (1,t)

(0,0)
3x2ydx+Q(x, y)dy =

∫ t

0
Q(0, y)dy +

∫ 1

0
3x2tdx =

∫ t

0
Q(0, y)dy + t,

¤±

∫ 1

0
Q(0, y)dy + t3 =

∫ t

0
Q(0, y)dy + t, ü>é t¦�� 3t2 = Q(0, t) + 1, =Q(0, t) = 3t2 − 1, ¤

±ϕ(y) = Q(0, y) = 3y2 − 1. ¤±Q(x, y) = x3 + 3y2 − 1.

o! (1) Ï� f(x)´ó¼ê§¤± bn = 0 (n = 1, 2, 3 · · · ).

a0 =
2

π

∫ π

0
x2 dx =

2π2

3
. an =

2

π

∫ π

0
x2 cosnxdx = (−1)n 4

n2
, (n = 1, 2, 3, · · · ).


 f(x)3 [−π, π]þëY§� f(−π) = f(π), ¤±f(x) = x2 =
π2

3
+
∞∑
n=1

(−1)n 4

n2
cosnx, (−π ≤ x ≤ π).

(2) 3þª¥-x = 0, �
∞∑
n=1

(−1)n+1 1

n2
=
π2

12
.

(3) 3(1)¥-x = π, �
π2

6
=

∞∑
n=1

1

n2
, �(2)ª�\�

∞∑
n=0

1

(2n+ 1)2
=
π2

8
.

Ê! (1)
an
Sn2

=
Sn − Sn−1

Sn2
<
Sn − Sn−1
SnSn−1

=
1

Sn−1
− 1

Sn
, (n ≥ 2),

σn =

n∑
k=1

ak
Sk2

<
1

S1
+

(
1

S1
− 1

S2

)
+

(
1

S2
− 1

S3

)
+ · · ·+

(
1

Sn−1
− 1

Sn

)
=

2

a1
− 1

Sn
<

2

a1
,


��?êÂñ�¿�^�´ÙÜ©Úê�k.§¤±?ê

∞∑
n=1

an
Sn2
Âñ.

(2) �?ê
∞∑
n=1

an√
Sn
�Ü©Ú�σn, =σn =

n∑
k=1

ak√
Sk

, σn >
n∑
k=1

ak√
Sn

>
√
Sn, ?ê

∞∑
n=1

an√
Sn
Âñ§

Kσn kþ.§dþª��Snkþ.§�?ê
∞∑
n=1

anÂñ. σn <

n∑
k=1

ak√
S1

=
Sn√
a1

, e?ê

∞∑
n=1

anÂñ§

KSnkþ.§dþª��σnkþ.§�?ê

∞∑
n=1

an√
Sn
Âñ.

8! lim
x→+∞

e− (1 + 1
x)
x

1
x

=
e

2
, ¤±?ê

∞∑
n=1

(
e −

(
1 +

1

n

)n)p
�?ê

∞∑
n=1

1

np
ñÑ5�Ó§p > 1�Â

ñ§p ≤ 1�uÑ.

2



�È©II(1��g)Ï"Áòë��Y (2014.6.23)

�! 1. Âñ�� (
1

e
, e).

2. I =

∫ 2

0
x
√

1 + 4x2 dx =
1

8

∫ 2

0

√
1 + 4x2 d(1 + 4x2) =

1

12
(1 + 4x2)

3
2

∣∣∣∣2
0

=
17

3
2 − 1

12
.

3. � y′ = p(y), K y′′ = p
dp

dy
, ��§z� yp

dp

dy
+ p2 = 0, ©lCþ�

1

p
dp = −1

y
dy,

ü>È©� p =
C1

y
, =

dy

dx
=
C1

y
, ©lCþ� ydy = C1dx, È©� y2 = C1x+ C2.

4. �x+ y = u, y − x = v, J(u, v) =
1

2
,

�ª=

∫∫
D′

1

2
f(u)dudv=2

∫ 1

0
du

∫ u

0

1

2
f(u)dv+2

∫ 2

1
du

∫ 2−u

0

1

2
f(u)dv =

∫ 1

0
uf(u)du+

∫ 2

1
(2−u)f(u)du

(2− u = t) =

∫ 1

0
uf(u)du+

∫ 1

0
tf(2− t)dt =

∫ 1

0
u[f(u) + f(2− u)] du.

5. f ′(x) =
1

1 + x
=
∞∑
n=0

(−x)n, ¤± f(x) = f(0) +
∞∑
n=0

(−1)n x
n+1

n+ 1
=
∞∑
n=0

(−1)n x
n+1

n+ 1
, x ∈ (−1, 1].

6. x = 0, x = +∞´ü�Û:§�ª=

∫ 1

0

xp

1 + x2
dx+

∫ +∞

1

xp

1 + x2
dx = I1 + I2,

éu I1, x = 0´��Û:§
xp

1 + x2
∼ xp = 1

x−p
, ¤± I1 =�−p < 1= p > −1�Âñ¶

éu I2, x = +∞´��Û:§ lim
x→+∞

x2−p · xp

1 + x2
= 1, ¤± I2=� 2− p > 1= p < 1�Âñ¶

nþ§�2ÂÈ©=�−1 < p < 1�Âñ.

7. ?ê�Âñ��[−1.1]; xI(x) =
∞∑
n=1

1

n(n+ 1)
xn+1 = S(x),

S′(x) =

∞∑
n=1

1

n
xn, S′′(x) =

∞∑
n=1

xn−1 =
1

1− x
, x ∈ (−1, 1), S(0) = S′(0) = 0,

¤±S′(x) = S′(0) +

∫ x

0

1

1− x
dx = − ln(1− x),

S(x) = S(0)−
∫ x

0
ln(1− x)dx = −x ln(1− x) + x+ ln(1− x), x ∈ [−1, 1),

I(0) = 0, I(1) =
∞∑
n=1

1

n(n+ 1)
= lim

n→∞
(1− 1

2
+

1

2
− 1

3
+ · · ·+ 1

n
− 1

n+ 1
) = 1.

¤± I(x) =


1 + 1

x ln(1− x)− ln(1− x), x ∈ [−1, 0) ∪ (0, 1),

0, x = 0,

1, x = 1

8. �S1 : z = 0, x2 + y2 ≤ R2 �eý, dpdúª

∫∫
S+S1

x2 dy dz + y2 dz dx+ z2 dx dy

=

∫∫∫
Ω

2(x+ y + z)dxdydz=2

∫ 2π

0
dθ

∫ π
2

0
dϕ

∫ R

0
r cosϕ · r2 sinϕdr =

πR4

2
.

1



¤± I =
πR4

2
−
∫∫
S1

x2 dy dz + y2 dz dx+ z2 dx dy =
πR4

2
.

�!

∞∑
n=0

xn

n!
= ex, x ∈ R, �ª=

∞∑
n=1

(−1
2)
n

(n+ 1)!
= −2

∞∑
n=1

(−1
2)
n+1

(n+ 1)!
= −2(e−

1
2 − 1 +

1

2
) = −2e−

1
2 + 1.

n! P = 2y,Q = x,R = ez, S : x+ y = 1 ��ý§

�ª=

∫∫
S

(∂R
∂y
− ∂Q

∂z

)
dydz +

(∂P
∂z
− ∂R

∂x

)
dzdx+

(∂Q
∂x
− ∂P

∂y

)
dxdy =

∫∫
S

−1dxdy = 0.

o! ­¡S'u y = 0é¡§xy + yz'u y´Û¼ê§¤±

∫∫
S

(xy + yz) dS = 0;

�ª=

∫∫
S

zx dS =

∫∫
x2+y2≤2x

x
√
x2 + y2·

√
1 + (z′x)

2 + (z′y)
2dxdy = 2

√
2

∫ π
2

0
dθ

∫ 2 cos θ

0
ρ3 cos θdρ =

64
√
2

15
.

Ê! 1. b1 =
2

π

∫ π

0
x sinxdx = 2, b2 =

2

π

∫ π

0
x sin 2xdx = −1;

2. F (a, b) =

∫ π

0

[
f(x)− a sinx− b sin(2x)

]2
dx =

∫ π

0

[
x− a sinx− b sin(2x)

]2
dx

=

∫ π

0
x2dx+a2

∫ π

0
sin2 xdx+b2

∫ π

0
sin2 2xdx−2a

∫ π

0
x sinxdx−2b

∫ π

0
x sin 2xdx+2ab

∫ π

0
sinx sin 2xdx

=
π3

3
+
π

2
a2 +

π

2
b2− 2aπ+ bπ =

π

2

[
(a− 2)2 + (b+1)2

]
− 5π

2
+
π3

3
, w,F (a, b)3(2,−1)?�����.

8! (1) A��§�λ2 − 5λ + 6 = 0, )�λ1 = 2, λ2 = 3. ���§kA) y∗ = Cex, �\��§

�C =
1

2
, ¤±��§�Ï)� y = C1e

2x + C2e
3x +

1

2
ex.

(2) e y = f(x)� y′′−5y′+6y = ex�)§Kd(1)�f(x) = C1e
2x+C2e

3x+ 1
2e
x, ¤± lim

x→−∞
f(x) = 0.

éun��§ y′′′ − 5y′′ + 6y′ = ex§ÙA��§�λ3 − 5λ2 + 6λ = 0, )�λ = 0, 2, 3, �d�§k

A) y∗ = Cex, �\�§�C =
1

2
, ¤±dn��§�Ï)� y = C1e

2x + C2e
3x + C3 +

1
2e
x.

¤±e y = f(x)� y′′′−5y′′+6y′ = ex�)§K f(x) = C1e
2x+C2e

3x+C3+
1
2e
x,e lim

x→−∞
f(x) = 0,

KC3 = 0, ¤± f(x) = C1e
2x + C2e

3x + 1
2e
x, y = f(x)´ y′′ − 5y′ + 6y = ex�).

Ô! (1) A��§�λ2 − 5λ+ 6 = 0, )�λ1 = 2, λ2 = 3.

¤±éA�àg�§�Ï)� ỹ = C1e
2x + C2e

3x;

� y∗ = C1(x)e
2x + C2(x)e

3x´��§�)§K

{
C ′1(x)e

2x + C ′2(x)e
3x = 0,

2C ′1(x)e
2x + 3C ′2(x)e

3x = f(x),

)�C1(x) = −
∫ x

0
e−2tf(t)dt, C2(x) =

∫ x

0
e−3tf(t)dt,

��§�Ï)� y = C1e
2x + C2e

3x +

∫ x

0
(e3x−3t − e2x−2t)f(t)dt.

(2) y²µ e y(0) = y′(0) = 0§Kd(1)�C1 = C2 = 0, l
 y =

∫ x

0
(e3x−3t − e2x−2t)f(t)dt.

�x > 0�§e3x−3t − e2x−2t > 0, t ∈ (0, x); �x < 0�§e3x−3t − e2x−2t < 0, t ∈ (x, 0); l


� f(x) ≥ 0�§y ≥ 0.

2



�ÆêÆn�(II)Ï"Áò(Aò)ë��Y (2013.6.26)

�! 1© πa(a2 − h2).

2. ){1µ Sn =
1

2
+

3

22
+

5

23
+ · · ·+ 2n− 1

2n
, 2Sn = 1 +

3

2
+

5

22
+ · · ·+ 2n− 1

2n−1
,

Sn = 2Sn − Sn = 1 +
(3

2
− 1

2

)
+
( 5

22
− 3

22

)
+ · · ·+

(2n− 1

2n−1
− 2n− 3

2n−1

)
− 2n− 1

2n

= 1 +
1− 1

2n−1

1− 1
2

− 2n− 1

2n
, ¤±S = lim

n→∞
Sn = lim

n→∞

(
1 +

1− 1
2n−1

1− 1
2

− 2n− 1

2n
)

= 3.

){2µ
∞∑
n=1

2n− 1

2n
=
∞∑
n=1

n

2n−1
−
∞∑
n=1

1

2n
, �S(x) =

∞∑
n=1

nxn−1,

KS(x) =

( ∞∑
n=1

n

∫ x

0
xn−1dx

)′
=

( ∞∑
n=1

xn
)′

=

(
x

1− x

)′
=

1

(1− x)2
, x ∈ (−1, 1),

�

∞∑
n=1

n

2n−1
= S

(1

2

)
= 4, 


∞∑
n=1

1

2n
= lim

n→∞

1
2

(
1− 1

2n

)
1− 1

2

= 1, �

∞∑
n=1

2n− 1

2n
= 4− 1 = 3.

3. -x+ 1 = t, K�?êz�

∞∑
n=1

3n + (−2)n

n
tn, an =

3n + (−2)n

n
,

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

3n+1 + (−2)n+1

n+ 1
· n

3n + (−2)n
= lim

n→∞

n

n+ 1
·

3 + (−2)(−2
3)n

1 + (−2
3)n

= 3, Âñ�»R =
1

3
.

Âñ«m� t ∈
(
− 1

3
,
1

3

)
, =x ∈

(
− 4

3
,−2

3

)
.

�x = −4

3
�§?ê�

∞∑
n=1

(−1)n
3n + (−2)n

n · 3n
=
∞∑
n=1

(−1)n
1

n
+
∞∑
n=1

1

n

(2

3

)n
, ü�?êÑÂñ, ��?êÂñ;

�x = −2

3
�§?ê�

∞∑
n=1

3n + (−2)n

n · 3n
=

∞∑
n=1

1

n
+

∞∑
n=1

1

n

(
− 2

3

)n
, ��Âñ��uÑ§��?êuÑ¶

¤±?ê�Âñ��
[
− 4

3
,−2

3

)
.

4. ��§�A��§�λ2−2λ+5 = 0,)��λ = 1±2i,Ïd¤¦Ï)� y = ex(C1 cos 2x+C2 sin 2x).

5. ��§z�
dy

dx
=

( yx)2

y
x + 1

, ù´��àg�§. -u =
y

x
, K y = ux, dy = udx + xdu, ��§z�

udx+ xdu =
u2

u+ 1
dx, ©lCþ�

(
1 +

1

u

)
du = −1

x
dx, ü>È©�u+ ln |u| = − ln |x|+ C, ¤±�

�§�ÏÈ©�
y

x
+ ln |y| = C. ,	 y = 0´Û). (½ö��§�ÏÈ©� ye

y
x = C.)

6.

∫ +∞

2

1

x2 + x− 2
dx = lim

A→+∞

∫ A

2

1

x2 + x− 2
dx = lim

A→+∞

∫ A

2

1

(x− 1)(x+ 2)
dx

= lim
A→+∞

∫ A

2

1

3

( 1

x− 1
− 1

x+ 2

)
dx = lim

A→+∞

1

3
ln

∣∣∣∣x− 1

x+ 2

∣∣∣∣
∣∣∣∣∣
A

2

=
2

3
ln 2.

7. O�­¡È©

∫∫
S

xyz dx dy, Ù¥S´¥¡x2 + y2 + z2 = 1	ý3x ≥ 0, y ≥ 0�Ü©.

){1 PS1 : z =
√

1− x2 − y2, (x, y) ∈ Dxy, �þý¶S2 : z = −
√

1− x2 − y2, (x, y) ∈ Dxy, �e

ý¶Ù¥Dxy = {(x, y) |x2 + y2 ≤ 1, x ≥ 0, y ≥ 0}, K

1



∫∫
S

xyz dx dy =

∫∫
S1

xyz dx dy+

∫∫
S2

xyz dx dy =

∫∫
Dxy

xy
√

1−x2−y2dxdy−
∫∫
Dxy

xy
(
−
√

1−x2−y2
)
dxdy

= 2

∫∫
Dxy

xy
√

1−x2−y2 dx dy = 2

∫ π
2

0
dθ

∫ 1

0
ρ2 sin θ cos θ

√
1−ρ2 · ρdρ=

∫ π
2

0
sin 2θdθ

∫ 1

0
ρ3
√

1−ρ2dρ=
2

15
.

){2 ­¡S��§�x =
√

1− y2 − z2, (y, z) ∈ Dyz, Dyz = {(y, z) | y2 + z2 ≤ 1, y ≥ 0}.∫∫
S

xyz dx dy=

∫∫
Dyz

√
1− y2 − z2 ·yz ·(−x′z) dydz=

∫∫
Dyz

yz2 dydz=2

∫ π
2

0
dθ

∫ 1

0
ρ cos θ·ρ2 sin2 θ·ρdρ=

2

15
.

8© P =
−y

x2 + y2
, Q =

x

x2 + y2
,
∂Q

∂x
=
∂P

∂y
=

y2 − x2

(x2 + y2)2
, (x, y) 6= (0, 0), - c : x2 + y2 = 1, �_��

��§Kd��úª��

∫
l+c−

P dx+Qdy = 0, ¤±

∫
l

x dy − y dx

x2 + y2
=

∫
c

x dy − y dx

x2 + y2
=

∫ 2π

0
dθ = 2π.

9. ��:�M0(x0, y0, z0),K z0 =
x2

0

2
+y2

0,:M0 ?�{�þ�
−→n0 = (x0, 2y0,−1),²¡ 2x+2y−z =

0�{�þ�−→n = (2, 2,−1), −→n0//
−→n , ¤±x0 = 2, y0 = 1, z0 = 3, �¤¦�²¡�§� 2(x− 2) + 2(y −

1)− (z − 3) = 0, = 2x+ 2y − z = 3.

10© ^¥�IC�òΩC�Ω′, Ω′ : 0 ≤ r ≤ 4 cosϕ, 0 ≤ ϕ ≤ π

4
, 0 ≤ θ ≤ 2π,

�ª=

∫∫∫
Ω′

r cosϕ · r2 sinϕdr dϕdθ =

∫ 2π

0
dθ

∫ π
4

0
dϕ

∫ 4 cosϕ

0
r3 sinϕ cosϕdr =

56

3
π.

�! æ^Î�IC�§K F (t) =

∫ 2π

0
dθ

∫ t

0
dρ

∫ t

0
f(ρ2)ρdz = 2πt

∫ t

0
f(ρ2)ρdρ

lim
t→0+

F (t)

t5
= lim

t→0+

2π
∫ t

0 f(ρ2)ρdρ

t4

0
0

lim
t→0+

2πtf(t2)

4t3
=
π

2
lim
t→0+

f(t2)− f(0)

t2 − 0
=
π

2
f ′(0) = π.

n!(10©) òx = 0�\

∫ x

0
(x+ 1− t)f ′(t) dt = x2 + ex − f(x), �� f(0) = 1.∫ x

0
(x+ 1− t)f ′(t) dt = x2 + ex − f(x) z{� (x+ 1)

∫ x

0
f ′(t) dt−

∫ x

0
tf ′(t) dt = x2 + ex − f(x),

ü>éx¦�ê�

∫ x

0
f ′(t) dt+ (x+ 1)f ′(x)− xf ′(x) = 2x+ ex − f ′(x),

= f(x)− f(0) + f ′(x) = 2x+ ex − f ′(x), z{� f ′(x) +
1

2
f(x) = x+

1

2
ex +

1

2
,

ù´���5�àg�§§)�� f(x) = e
∫
− 1

2
dx
(
C+

∫ (
x+

1

2
ex+

1

2

)
e
∫

1
2

dxdx
)

= Ce−
1
2
x+

1

3
ex+2x−3

qÏ� f(0) = 1, ¤±C =
11

3
, ¤± f(x) =

11

3
e−

1
2
x +

1

3
ex + 2x− 3.

o!){1 PP = x2−yz, Q = y2−xz, R = z2−xy,K
∂R

∂y
− ∂Q
∂z

= 0,
∂P

∂z
− ∂R
∂x

= 0,
∂Q

∂x
− ∂P
∂y

= 0,

¤±È©�´»Ã'§���ãL :

{
x = a,

y = 0
0 ≤ z ≤ h, K �ª=

∫ h

0
z2 dz =

1

3
h3.

){2 PP = x2−yz, Q = y2−xz, R = z2−xy, K
∂R

∂y
− ∂Q
∂z

= 0,
∂P

∂z
− ∂R
∂x

= 0,
∂Q

∂x
− ∂P
∂y

= 0,

(x2 − yz) dx+ (y2 − xz) dy + (z2 − xy) dz = d
(1

3
(x3 + y3 + z3)− xyz

)
,

2



�ª=
(1

3
(x3 + y3 + z3)− xyz

)∣∣∣∣(a,0,h)

(a,0,0)

=
1

3
h3.

Ê! (1) Ï� f(x)´ó¼ê§¤± bn = 0(n = 1, 2, . . . ). a0 =

∫ 1

−1
f(x) dx = 2

∫ 1

0
(2 + x) dx = 5.

an =

∫ 1

−1
f(x) cosnπxdx = 2

∫ 1

0
(2 + x) cosnπxdx =

2

nπ

∫ 1

0
(2 + x) d sinnπx

=
2

nπ
(x+ 2) sinnπx

∣∣∣∣1
0

− 2

nπ

∫ 1

0
sinnπxdx =

2

n2π2
[(−1)n − 1], n = 1, 2, · · ·

f(x) =
5

2
+
∞∑
n=0

−4

(2n+ 1)2π2
cos(2n+ 1)πx. x ∈ [−1, 1].

(2) 3þª¥-x = 0, � f(0) =
5

2
+

∞∑
n=0

−4

(2n+ 1)2π2
=⇒

∞∑
n=0

1

(2n+ 1)2
=
π2

8
.

(3)
∞∑
n=1

1

n2
=
∞∑
n=0

1

(2n+ 1)2
+
∞∑
n=1

1

(2n)2
=
π2

8
+

1

4

∞∑
n=1

1

n2
=⇒

∞∑
n=1

1

n2
=

4

3
· π

2

8
=
π2

6
.

8!y²µÏ�

∫ +∞

1
f(x) dx = lim

A→+∞

∫ A

1
f(x) dx = lim

A→+∞

(∫ [A]

1
f(x) dx+

∫ A

[A]
f(x) dx

)
= lim

A→+∞

( [A]−1∑
n=1

∫ n+1

n
f(x) dx+

∫ A

[A]
f(x) dx

)
=

∞∑
n=1

∫ n+1

n
f(x) dx+ lim

A→+∞

∫ A

[A]
f(x) dx.

�y2ÂÈ©

∫ +∞

1
f(x) dxÂñ§�Iy?ê

∞∑
n=1

∫ n+1

n
f(x) dx Âñ§4� lim

A→+∞

∫ A

[A]
f(x) dx �3.

Ï�

∫ +∞

1
|f ′(x)|dxÂñ,¤±

∫ +∞

1
f ′(x)dxÂñ,


∫ +∞

1
f ′(x)dx = lim

x→+∞
f(x)−f(1),¤± lim

x→+∞
f(x)

�3. e lim
x→+∞

f(x) 6= 0, K?ê
∞∑
n=1

f(n) uÑ§¤± lim
x→+∞

f(x) = 0.

min
x∈[[A],A]

f(x) · (A− [A]) ≤
∫ A

[A]
f(x) dx ≤ max

x∈[[A],A]
f(x) · (A− [A]),

lim
x→+∞

f(x) = 0, � lim
A→+∞

min
x∈[[A],A]

f(x) = lim
A→+∞

min
x∈[[A],A]

f(x) = 0. 
 |A − [A]| ≤ 1, dY%OK�

� lim
A→+∞

∫ A

[A]
f(x) dx = 0.

- an =

∫ n+1

n
f(x) dx− f(n),

|an| =
∣∣∣ ∫ n+1

n
f(x) dx− f(n)

∣∣∣ =
∣∣∣ ∫ n+1

n
(f(x)− f(n)) dx

∣∣∣ =
∣∣∣ ∫ n+1

n

(∫ x

n
f ′(t) dt

)
dx
∣∣∣

≤
∫ n+1

n

(∫ n+1

n
|f ′(t)|dt

)
dx =

∫ n+1

n
|f ′(t)|dt,

¤±

n∑
k=1

|ak| =
n∑
k=1

∣∣∣ ∫ k+1

k
f(x) dx− f(k)

∣∣∣ ≤ n∑
k=1

∫ k+1

k
|f ′(x)| dx =

∫ n+1

1
|f ′(x)| dxkþ.§

Ü©Úê�kþ.§¤±��?ê

∞∑
n=1

|an|Âñ§l
?ê
∞∑
n=1

anÂñ.




∞∑
n=1

∫ n+1

n
f(x) dx =

∞∑
n=1

(an + f(n)) =
∞∑
n=1

an +
∞∑
n=1

f(n), ¤±?ê
∞∑
n=1

∫ n+1

n
f(x) dxÂñ.

3



�ÆêÆn�(II)Ï"Áò(Aò)ë��Y (2012.6.20)

�!1©πa(a2 − h2).

2. P = (y − z)x, Q = 0, R = x − y, dpdúª§

�ª =

∫∫∫
V

(∂P
∂x

+
∂Q

∂y
+
∂R

∂z

)
dV =

∫∫∫
V

(y− z) dV = −
∫∫∫
V

z dV =

∫ 3

0
z dz

∫∫
x2+y2≤1

dxdy = −9

2
π.

3.
n

(2n− 1)2(2n+ 1)2
=

1

8

( 1

(2n− 1)2
− 1

(2n+ 1)2

)
Sn =

1

8

((
1− 1

32

)
+
( 1

32
− 1

52

)
+· · ·+

( 1

(2n− 1)2
− 1

(2n+ 1)2

))
=

1

8

(
1− 1

(2n+ 1)2

)
, �ª = lim

n→∞
Sn =

1

8
.

4. l = lim
n→∞

|an+1|
|an|

= lim
n→∞

1
n+1
1
n

= 1, ¤±Âñ�»R =
1

l
= 1. x = 1�?ê�

∞∑
n=1

(−1)n+1 1

n
§ù

´4ÙZ].���?ê§Âñ¶�x = −1�§?ê�
∞∑
n=1

− 1

n
, d?êuÑ§�Âñ�� (−1, 1].

5. Ï)� y = C1 cosx+ C2 sinx+ x2 − 2

6. ��§z�
dy

dx
=

y
x − 1
y
x + 1

, ù´��àg�§. -u =
y

x
, K y = ux,

dy

dx
= u + x

du

dx
, ��§z

� u + x
du

dx
=

u− 1

u+ 1
, ©lCþ�

( u+ 1

1 + u2
)
du = −1

x
dx, ü>È©� ln(1 + u2) + 2 arctanu =

−2 ln |x|+ ln |C|, ¤±��§�ÏÈ©�x2 + y2 = Ce−2 arctan
y
x .

7. ln(1 + x) =
∞∑
n=1

(−1)n+1 1

n
xn (−1 < x ≤ 1), ln(1− x) =

∞∑
n=1

− 1

n
xn (−1 ≤ x < 1), Ïd

ln
1 + x

1− x
= ln(1 + x)− ln(1− x) =

∞∑
n=1

2

2n− 1
x2n−1 (−1 < x < 1),

8© lim
x→+∞

xp · arctanx
1 + xp

=
π

2
, ¤± p > 1 ��2ÂÈ©Âñ§0 < p ≤ 1 �§�2ÂÈ©uÑ.

9. �{1µ �­�C�ëê�§� x = a sin θ cos θ, y = a sin2 θ (0 ≤ θ ≤ π), K∫
C

√
x2 + y2ds =

∫ π

0

√
a2 sin2 θ

√
a2(cos2 θ − sin2 θ)2 + 4a2 sin2 θ cos2 θ dθ

=

∫ π

0
a sin θ

√
a2(cos2 θ + sin2 θ)2 dθ =

∫ π

0
a2 sin θ dθ = 2a2.

�{2µ �­�C�ëê�§� x =
a

2
cos θ, y =

a

2
+
a

2
sin θ (0 ≤ θ ≤ 2π), K∫

C

√
x2 + y2ds =

∫ 2π

0

√
a2

2
(1 + sin θ)

√
a2

4
sin2 θ +

a2

4
cos2 θ dθ

=

∫ 2π

0

a

2

√
a2

2

(
cos

θ

2
+ sin

θ

2

)2
dθ =

a2

2
√
2

∫ 2π

0

∣∣∣ cos θ
2
+ sin

θ

2

∣∣∣ dθ
=

a2

2
√
2

∫ 3π
2

0

(
cos

θ

2
+ sin

θ

2

)
dθ +

a2

2
√
2

∫ 2π

3π
2

(
− cos

θ

2
− sin

θ

2

)
dθ = 2a2.

10©æ^Î�I§�ª=

∫ 2π

0
dθ

∫ 1

0
dρ

∫ 2

2ρ
ρ2 sin2 θ · ρdz = π

10
.

1



�! sinx = x − x3

6
+ o(x3), ¤±

( 1
n
− sin

1

n

)p
=
( 1
n
− 1

n
+

1

6n3
+ o(

1

n3
)
)p
∼ 1

6pn3p
, ¤±�ª

� 3p > 1= p >
1

3
�Âñ, � 3p ≤ 1= p ≤ 1

3
�uÑ.

n! P = (x2 − f(x))y + 1

2
g(x)y2, Q = f(x)y − g(x), R = 1, È©�´»Ã'�¿�^�´

∂R

∂y
=
∂Q

∂z
,
∂P

∂z
=
∂R

∂x
,
∂Q

∂x
=
∂P

∂y
, = f ′(x)y − g′(x) = x2 − f(x) + g(x)y, �n�

(f ′(x)−g(x))y = g′(x)−f(x)+x2 dªé¤k�x, yÑ¤á§7k f ′(x)−g(x) = 0, g′(x)−f(x)+x2 = 0.

�n� f ′′(x)−f(x) = −x2,ù´���àg�5~Xê�©�§§�kÐ©^� f(0) = 0, g(0) = f ′(0) =

0, )� f(x) = −e−x − ex + x2 + 2, g(x) = f ′(x) = e−x − ex + 2x.

x

y

z

1O

1

1

b b

b

b Ï�È©�´»Ã'§÷Xã¤«ò�È©§��

�ª=

∫ 1

0
0 dy +

∫ 1

0
dz +

∫ 1

0
0 dx = 1.

o! 1. w, f(x)´ó¼ê§� f(x)ëY. ¤± bn = 0 (n = 1, 2, · · · ), a0 =
2

π

∫ π

0
(π2−x2) dx =

4

3
π2,

an =
2

π

∫ π

0
(π2−x2) cosnx dx = (−1)n+1 4

n2
, � f(x) = π2−x2 = 2π2

3
+

∞∑
n=1

(−1)n+1 4

n2
cosnx, (−π ≤

x ≤ π).

3þª¥©O- x = 0, x = π ��
∞∑
n=1

(−1)n−1 1

n2
=
π2

12
,
∞∑
n=1

1

n2
=
π2

6
.

Ê! y²µ(1) Xã¤«§�M,N´GS?¿ü:§L1, L2´GSë

�M,N�?¿ü^­�§�I�y²∫
L1

1

f(x) + 8y2
(xdy − y dx) =

∫
L2

1

f(x) + 8y2
(x dy − y dx)

�L3�ë�M,N�­�§¦�L1+L3����:�{ü4­�§KL2+

L3�´���:�{ü4­�§âK¿��

L1

L2

L3

bM

bN

x

y

O

G

∫
L1+L3

1

f(x) + 8y2
(xdy − y dx) =

∫
L2+L3

1

f(x) + 8y2
(x dy − y dx) = A,

¤±

∫
L1

1

f(x) + 8y2
(xdy − y dx) =

∫
L2

1

f(x) + 8y2
(x dy − y dx).

(2) P =
−y

f(x) + 8y2
, Q =

x

f(x) + 8y2
, Ï�È©Ú´»Ã'§¤± Q′x = P ′y, =

8y2 − f(x)
(f(x) + 8y2)2

=
f(x) + 8y2 − xf ′(x)

(f(x) + 8y2)2
,

��xf ′(x) = 2f(x), ©lCþ)� f(x) = Cx2, q f(1) = 1, ¤± f(x) = x2.

� l : x2 + 8y2 = ε2, =x = ε cos θ, y = 1√
8
ε sin θ, 0 ≤ θ ≤ 2π, K

A =

∫
L

1

x2 + 8y2
(x dy − y dx) =

∫
l

1

x2 + 8y2
(xdy − y dx) =

∫ 2π

0

1√
8
dθ =

π√
2
.

8!��á163�~7.6.6.
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